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PROPER & REPEAT

Answer all questions
Time allowed: 3 Hours

Ql' (a) Let (2,)f=t be a sequence of points in c. Define what is meant byzn -_+ z as n. _+ oo. 
ts *""tE

Let z e C. prove that jf lzl < 1, then

1*z*zr+...__ .1

I_z'
(You may use the result that if lrl < l,then lim zn :0.)
Hence show that if faf < 1, then

I * acosd+ a2 cos20 + ascos3d*... : . I - acos7
1_2acos0+il._

[30 marksj(b) Lct f : A g C--* C bc diffcrcntiablc at somc z0:.ro*iAo e A.If f (z) : y(*,il + iu(r,a), then prove tt^t u1r,y) and u(r,a)
Y;hn:t:;i;:*,'*i ot" i": zo * iyll that,uii,ry'',u co*'iy'

Eu_0u 0u 0u
or dy' dy 0r

[40 marksj



Ery--r-

(') (i)

(ii)

Define what
harmoni'c.

is meant by the function h : IR'2 -' IR being

[5 marks]

Let u(r,g/) and u(n,A) be harmonic

Show that the functio.n given bY

f(,),:(H-H).,
is analytic in D.

For a path 7
[, f Q) ar'

0. ;t
Let C(0;1) be thc unit circle t : sot ,

that for anY real constant a,

r ,.AZ
I " d,z :Zri' .

Jcot) z

functions in a domain D'

[20 marks]

[5 marksl
* C, define

[5 marks]

-n(t(zt.Show

[20 marksl

[30 marks]

/ Eu" Eu\

\mna)

Q2. (u) Definb what is meant by a path'l : lo. {J] -'C'

and a continuous,function f : I

(i)

(ii)

(b) (i) Let, D(a;r) :-- {z e C
with center a € C and

D(a;r)ands€(0,r)'
is for zs € D(a;s),

f(,0)--*!"r,,r90,,

where C(o;s) denotes the circle with center a' and radius 's >

[40 marks]

: lz - ol < ri denote the oPen disc

radius r ) 0 and iet / be analYtic- on

Prove' C auchy's Integral Formula, that

(ii)
i

I

I

I

Hence deduce that

lo" "ocost 
cos(a sint) clt: t '
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Q3. (a) Define what is meant by the function / : C -+ C being enti€.

[5 marksJ

(b) Let A g C be an open set and let f t A ---+ C be an analytic
function. Prove that

(i) / has a Taylor series expansion about zs, that is, there exists
a unique sequence (o")T=o e C such that

f (t):Lo*(r- ro)", z€ D(to;r) g A,
n:0

una tn. cocfficicnt a,,, is givcn by

o': * 1"u,,"1ffidt' n)-o'

(ii) / has derivatives of a1l orders on .4.

(iii) /(")(zo) : n) n,,.

(c) Using the results in (b), expand f (r) : ln(l + z)
about the point z :0.

Q4. (a) State the Marimum-Mod,ulus Theorm. [10 marks]

is analytic
all (r, y) in
prove that

[20 marks]

;:{z:o(

[5 marks]

[5 marks]

[10 marks]

0<s<r.

[25 marks]

125 marks]

[15 marks]

in Taylor series

[30 marks]

(b)

(.)

Suppose that thc function J(z) : 'u(r,a) *.i,u(r,,y)
everywhere in thc ry-plane and u(r, gr) bounded for
the rg-plane. Using the Maximum-Modulus Theorm,
u(r,A) is constant throughout the plane.

Let d > 0 and lct /: D*(toid) - C, where D.(zs;6)
lt - ,ol < d). Define what is meant by

(i) the ord,er of J at zs;

(ii) / having a pole at zs of. order rn.

(i) State the Resi,due Theorem.



(ii) If / has a pole of order m aft' z6' then prove that

Res(f ;ro):Fh liry h(--l)(z)'

where h'(z) : (z - zs)* f (z) '

Using (i) ancl (ii)' evaluate

1 f =,^1"= ,;\'l''fr, J"e,t, z2(22 * 2z *'))

where t is a rJal Paranreter'

Q5. Let o > 0 and suPPose that

(i) / is analytic in thc 
-uqnc1-half 

planc' that is'

except t'#;il i"t n"itav manv singuiarities'

' real axis'

(ii) /(z) ---+ 0 as l'l 'oo with Imz 2 0'

Thcn provc that 
[ .._ [* 

"oo* 
17rr,1 

,J*t'- J-*

[30 marksl

[20 marksl

{z : Im(z)
none are

> o),
on the

exists and

1:2ri x sum of resiclucs of' ei"' f (21 in thc upper - half Planc'

[60 marksl

Hcncc cvaluatc thc intc*ral 
* r sin r ,I "- dfi.

.l-,- *' * 2n * 2

[40 marksl

Q6. (a) State \he PrinciPle of the Argumert't Theorem'

[10 marksl


