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; Answer all question Time: Three hours

1. (a) Define what is meant by

i. a vector space;

ii. a subspace of a vectorcpu.".

(b) Let V : {r: n > 0,r e IR}. Define addition ,,@,, and scalar multiplication
"O" on 7 as follows:

fi@A:frU,

rQtr:frr,

Vr e IR and V fi,A e V. prove that (V,O,O) is a vector space over jR.

Let

r@A:rA,

rOfr:rtr,
v r e lR and v r,u € v' rs (v,@, o) a vector space over rR? Justify your answer.

(c) Let M be a vector space of 2 x 2 matrices over iR. which of the following
subsets are subspaces of M? Justify your answer.

i. set of all 2 x 2 matrices with zero determinant;

ii. set of. al|2 x 2 idempotent matrices.



2. (r) Statethedimensiontheoremfortwosubspacesofafinitedimensionalvector

space.

(b) Let !r be a finite dimensional vector space with the usual notations' Prove the

following:

i. tf d,imV: ??, then there exist one dimensional subspaces Ui, [J2,... ,Un of.

V such that V : (Jr @tJz@'''s U*'

ii. if t4, (J2,"' ,(J^ ate subspaces of % then

d,i'm((J1 * tJz * "' + U*) 3 d'dmUt * d'imU2+''' + di'mU*'

(.)i.Provethabif{ot,'r,"''un}spansT'thensodoesthetuple{u1-u2'u2-
'lJ3r "' tUn-l -'UnrUn]''

ii. Let V be a vector space of R'5 defined 
'bY

V : {(rt, 12, frs, 14, rb) € R'5 : Tr : 3rz and rs : 7ra'} '

Find a basis of V'

iii. If t/r and Uz are both

urfiuz I to).

3. (a) Define the following:

i. range space n(T);

ii. null sPace l{(")

5 dimensional subspaces of IRe, then prove

into another
of a linear transformation ? from a vector space V

space W

(b)-Find R(") ancl lf (") of the linear transformation ? : ]R3 t IR'3 defined by

T(*,A, z) : (t *2A *32,r - H * z'r * 5y* 5z)'V (r'3r'z) e iR3'

Verify the equatio n d,im V : d'im(R(T)) + dt'm(N$)) for this iinear

mation.

i. Let IFs be the set of all polynomials of degree ( 3 and let T : lR'3 -*

be a linear transformation defined by
(")

T(*r,rz,rs) : frt * (n2 + rs)r * (r, - *''')" * rs n3'



Find the matrix representation of ? with re

f; ;it],ll;il;l;j| 
(2, -'7,')j;';;,:il: : :T::; 23, zs) .r

ii. Let ?: IRB _* lRs be a fir
2a _ z, a * z, x *,,, #;:T':ilfi,T:,i;1 :::ri;:; :,:{(1, 1,0), (0, r,r), (r,0, 1)} be bases for R3. Firor ? with respect ro rhe u"i, a by using ,rjl.ll'l,T:H"rffsentarion

4. (a) Define the following terms as applied to a matrix:
i. rank;

ii. echelon flrm;

iii. row reduced echelon form.

(b) Let A be an rL X nmatrix. prove the foilbwing: 
\

i. row rank of .4 is equal to column rank of .4;ii. if B is an nxn n

on A,rhen r(,4) T;i'"rred 
bvperforming an

i. Find the row ranl< of the matrix

(r r 11*r r\
I

l:i ;: o 2 
/

(,;, , i -::)
Find the row reduced echelon form of the matrix

(_, 3 _r z\
Io11 5rl
I z *s
(, ;-i ::)

':.' , '--'-\ffiezerry,

11.

:

:

i
I
i
I

I

elementary row operation

(")

Define the following terms as applied to an nx n matrix A: (or).i. cofactor Ari ofan element a;r.;
ii. adjoint ot A (ad,j A).



With the usual notations, prove that

A'(odi A): (ad'j A)'A: d'et A' I'

Hence Prove adi(adi A): (det A)"-zO'

(State anY results You maY use)

(b) Let P be an n x n matrix with all elements are equal to a (e R')' For any

non-zero scalar P € R, Prove that

\. d,et(P + P,I): P'n-L(ncr+ u);

-a

6. state the necessary and sufficient condition for a system of linear equations to

consistent.

7. (a) Suppose rz is a positive integer and aa,i € R' for i'i: !'2'" ''n' Prove

the following are equivalent:

-d.

i. the trivial solution rt : frz : " ' : t'n

homogeneous sYstem

far'*rt : o'
' fr=l

n
\-1 

^) 
"a2'Pn6: 

o'
&=1

.

fLs.-
) 

'an'1"tP : g'

lc:1

ii. for every constant, c!,c2,'t' tcn € R' there exists a solution to

of equationr 
=a) .Q1,1"!t'6: C1'

k=1

4

: 0 is the only solution to



ft
\.l
) .C12,7rfr1": C2,

k:1

Yon,r*r: ^'k:1

Investigate for what value of .\, p the system of liner equation

r+A*z:6,

x*2y*32:I0,

r*2y*\z:1f,,
have

i. no solution;

ii. a unique solution;

iii. an infinite number of solutions. .

(.) A bag contains 3 types of coins, namely R"s.l, Rs.z and Rs.5. Theqe are B0

coins amounting to Rs.100 in total. Find the number of coins in each category.
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