
EASTERN UNIVERSITY, SRI LANKA

FIRST YEAR EXAMINATIOIV IN SCIEI\CE - 2OOg/2Arc

AY, 2014
MT 104 - DIFFERtrNTIAL EQUATIONS

AND
FOURIER SERIES

(REPEAT)

Answer All Questions Time

to be eract.

Q1' (a) state the necessary and sufficient conditi,oryfor {,he differentiarequation (DE)
:s.

M (r, y) dr * t{ (r, u) cIA : 0,
i ' 

[10 Marks]

Prove tbat r"yb is an integrating factor of the Dtr .l
, ,11

kydr -l trd,y * r"yd(mydr + nnlfi: ff {

I

a*7 b+1 a*c*I b+d+1--i- : ---;- clrt (l : ...-.-_Kl,mn)
where a,b,c,d,tt(+ O),Je D,^(# 0) and n(+ 0) are constants.
Hence integrate the DE

3yd,r - 2rcty * r2y-1 (thyd,r - 6rdy) - 0.

ib) Show that there are two values of the constant a fbr
U a solution of the Riccati's equation

[50 Marks]

which af r is

du2"
d"- "rf 

y-:u, (1)

.and hence obtain the general solution of the equation (1).
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f40 VIarksJ



Q2" (a) If F(D) - I piDi. where D : r|,ld"r is a differential operator

and p;, , :oi: .. )n) are constants with p6 f 0, then prove the
following formuias:

/:\ I ^or- 1(i) f.(r) r"' : ,p;eo' , o is a conslant and F(o) # 0.

/..\ 1 ^",, or 1 ,, ,(rl) 

-P"*V:e
F(D) 

*" 
,1p - *1V' 

where V is a lunction onlv of

Find the general solution of the following DEs by
in (a):

(i) (D - 1)a: (r * 3) 
"'";(it) (-D2 - 5D + 6)y : :r3 e2'.

Show that 
cos rjr- cos(p + h,)r

'(0+h)z-Bz
is a solution of the Dtr . ''

:

(D' + g')a i cos(P -t h)n,

where 13 and,h are consLants. 
',

Hence deduce the particular integral of the Dtr

/^) ^D\ 1.
\D" + P')Y: cosfli.

1
' l{

Q3. (a) Prove, b), induction or otherwise. thlt if 'f :
where D : df dr, then

(b)

(.)

[30 Marks]

using the results

[30 MarksJ

laO Marksl

r(dldr) : 71,

,'1a : T(T* 1)(" - 2) ... (T - n -t r)y,* 
dr"

u'here n is a positive integer.
Hence or otherwise show that the solution of the DE

;*_u4!,_6Lt:rsar d,r

ls 
n ^ ', 1 (y(r) : Ar2 + Brtt - -;1''.

o

where ,4 and B are arbitrarv constants.

(You may use the following identities r.vithout

(i) tr(")r- : r"'F(m);

[70
proof:

I



\11{ii) 

-r- 
: - ,, provided Fl*) f 0, where m is some cou-\ / FQ) F(*)

stant.)

With D : df dr, solve the following system of DEs

(5D+a)y-(2D+1)z: e-",
(D+B)y-32 : 5e-'.

[30 Marks]

Define what is meant by the point, 'tr: To', being

(i) an ordinary ;

(ii) a si,ngular;

(iii) a regular sinqular

point of the Dtr
a" + p(r)a' -f q(r)y :0,

where the prime denotes differentiation with respect to r, and
p(r) and q(r) are rational functions,

./
(i) Find the regular singular point(s) of tlrc Dtr

[30 Marks]

' gr,a" +grry' *2'y =,-0.

(ii) Use the method of Frobenius to find thb
the equatio" (2).

(2)

general solution of

flo nn""t.l,it '
t{

dz

5z * tan(y - 3r) '

dy dz

z-lr r+A

6 (a) Solve the following system of DEs:

,., d" dY
\/ 1 3

dr
(1,) , --1t+t

. [30 Marks]
Write down the condition of integrability <if the total differential
equalion i

P(r,A, z) dr * Q(*,A, z) dy + R(r,!J, z) dz :0.

[5 Marks]
Hence solve the following equation

(a' + ,' - 12) dr - 2ru r|y - 2rz clz : 0 (3)

(You may use the integrating factor Lt: Il12 for equation (3).)

e
t,

[15 Marksl



(c) Find the general solution of the following linear first-order partial

differential equations:

(\) 
"p 

* yq: z;
-.2 -2Ft) AP-trq:g -"

130 Marksl

Here, p:

(d) Apply Charpit's method or otherwise to find the complete and

thesingularsolutionofthefollowingnon-linearfirst-orderpartial
clifferential equation

p2 + aq * 2z *2Y2 :0'

0z
ando--*^-oa0z

A.

Q6. (u)

[20 Marksl

Show that the Fourier series of the function

.f(r):r', -v1r37T

can be exPressed, as

o@

:tr, :! * nl1-r1"4*t
3 /-t'

' n:l

i

Hence deduce that

T2 1

72 !2

120 Marksl

(b) Use Fourier transform to solve the one-dimensional heat equation

i20 Marksl

111 'l
_,_L___+... {
22'32 4'2 \ ,i

( t.'ocr<1.
t
I o. t rlI\

o"-at!:o.u )0, 1>t)
At 0r'2

subject to the conditions

u(0' t) : 0' u(r' 0) :

and u(r,l) isibounded'

(i) Define lhe gamn"ta-function' l(r) and

where m,n ate Positive integers'

140 Marksl

beta-.functi'on B (m, n),
(")



(ii) tr,ral.,ate the integral

f '-!:0,
Jo t/7 - ra

(You may use the following results without

B(m,n): f(m)f(n] 
u'a r 11)L\m+n) - \2)

proof

/=\

[20 Marks]
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