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PM 102 - REAL ANALYSIS
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Answer all Questions

Time: Three hours
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L. -(a) Define the terms Supremum and Infimum of a bounded subset Aof R.

[10marks|

(b) Prove that an upper bound u of a non-empty set S in R is-the supremum of S

~ s
if, and only if, for each ¢ > 0 there exists 2o € S sich thatty — « < xp.

> [30marks

(c) State the Archimedian principle and use it to prove that there exists a positive

real number z such that 22 = 2. [40mafks]

(d) Use the Mathematica] induction principle to show that

1 .
P+22 4. pp2= gn(n +1){(2n+ 1) for all n € N, [20marks|

2 (a) Define what is meant by the following terms applied to a sequence of real -

numbers:

1. bounded;
ii. convergent;

lii. monotone. [15marks]



(b) Prove that every increasing sequence of real numbers which is bounded above

is convergent. [35marks

(¢) Let (yn) be a sequence of real numbers defined inductively by

1
=1, Yngtt= Z(?yn +3) for alln € N.

Show that (y,) is convergent and lim y, = = [50marks
n-00

2

3. (a) i Letf:R—>Rbea function. Explain what is meant by the function |

(b) Let I = [a,b] be a closed and bounded interval in R. Prove that if f: 1=

(¢) State the Intermediate Value Theorem and use it to prove that the equati

il

il.

has a limit [(€ R) at a point a(€ R). [15marks

+ 5

Use the definition of the limit to show that hm1 P 4
=1 AL >

[25marks

Let AC Rand f: A — Rbea function. Let a € R. Prove thaf

lim f(z) = I exists finitely if, and only if, for every sequence () in A

)‘

T—a

that converges to a such that z, # o for all e N, the sequence (f(z)

converges to . : : < [40mark

Let f:R\ {0} — R be defined by f(z} = %nf(l/T) Y x # 0. Show th

1111{1) f(z) does not exists in R. - [20mar
T,

L]

A 4 .
" Define what is meant by the statement that a fupdtion f R—=R

continuous at a point a (€ R). i [15mar

{i. Show that the function f : R — R defined by f (x) =cos z, Vz€R

18

222(x + 2) — 1 = 0 has a root in each of the intervals (-2, -1), (=1,0)

(0,1). [20mar

5. (a)

continuous at every point in R. [25mar

continuous on I then f is bounded on /. [40mar

i. Define what is meant by a function f : R — Ris differentiable at the po

To € R. [15mar



ii. Discyss differentiability of each of the following functions f:R—>Rat

the origin:

1. f(z)=sin x

2. f(@) = o] -
[ 3+z, <0

3. flz)= i [30marks]
1 3—~z, z>0.

(b) i Let f:[a,b] — R be a function where a,b € R with a < b. Suppose that f
is continuous on [0,0] and differentiable on (a,b). Prove that there exists

¢ € (a,b) such that

f’(C) — i&b) - f(a>

b-—a
(You may use the Rolle’s Theorem without proving it.) [30marks]
ii. Show that z < sin™'2 < ——e. Vg £ (0,1). [25marks]
1 — 22 e, T

6. (a) Suppose that f and g are two continuous real valued functions defined on la, ],

where a,b € R with a < b. Suppose also that f dand ¢ are differentiable on

(a,0) and ¢'(z) #£0 Va € (a,b). Prove that for some ¢ € ({Jﬁb)’
£e) _ F0) - f(a) g
) g'le)  g(b) - g(a) ‘
#~~
(You may use the Rolle’s Theorem without proving it.) [30marks]

(b) i Suppose that f and g are continuous on [, b], differentiable on (a,b) and
let f(c) = g(c) = 0 for some ¢ € (a,b). Further suppose that g(z) # 0 and

it
g'(x) # 0 for all z € (a,b) \ {c}. If lim [{x) = [ exists finitely prove that

\ a=e o' (z)
. z :
ll—»ni % =1, (20marks]
. o (1 —cos 1 .
ii. Prove that 715}1’% L_,_%)E_i) =5 [15marks]

(c) State the Taylor’s Theorem and use it to prove that

1
1 - —?-;172 <cos z VYreR

[35marks]




