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1. Define the term uector space. l*

'l o'

(a) Let V:{f : ./:R--n,./(a) >0, Vr€R}. Forany f,ft,fz €Vandforarry

a € iR. <ierine an addition O and a scalar muliiplicai;on O"6n V as follows:

an{1

(fr@ fr)("): f'(*).fr(z), Vr e R 1
'.1

u{
(a o f)(r): (/("))'-

Prove that (V, @, O) is a vector space over IR.

(b) Let Sr, .S, be two subspaces of a vector space V over a field F. Prove 156 -(1 * 5-z

is the smailest subspace of I"/ containing both -(t and Sz'

(c) Determine which of the following sets are subspaces of R9:

i. {(o, b,c) e IR3 : a2 : c2}; ?

ii. {(0, a.a* 1) :a e R}.

(a) Let 7 be an n-dimensiona,l vector space. Prove the foilowing:

(i) A linearly independent set of vectors of 7 with n elements is a basis for V;

(ii) Any linearly independent set of vectors of V can be extended as a basis for l/.



3

(b) Let V be a vector space over a field f..

i. If ui,'u2,"')'unr ate iinearly dependent vectors and u1 ,u2,"'tum-l are linearly

independent ..,ectors' then pro*''e +"!tat urn € ({'t ,T2."' ,L'*-r))'

ii. If {u,r.,} is a basis for a subspace S of.V, show that {u*2u,*3u} is also a basis

for ,S.

iii. Let Ll1.,,tr2t. - - ,ur be linearly inclependent vectors in I/ and lel u({0) e 1/' Prove

that ur e l{u,.r11t,62,...,2t*r}) for some integer i, where 7 < i < r if and on}y

tf. u € ({u,,rr, "',u,'}>

State the d,imensi,on theorem, for two subspaces of a finite-dimensional vector space.

Let gt a;xtd. u2be two subspaces of a vector space v. If dim {11 : g, cliur t/2 : 4. cliur 
I

V :6,show that LIl aLI2contains & non-zero rrector. 
I

If dim (Jt :2, clim fJz :4, dim v : 6,show that ut * {Jz : v if. ancl only if 
1

I

Ut)ttz: iOi. i:/l,t: g'Let V be a vector space over a field F I 
I

\. If L is a subspace of v, prove that there exists a subspace *.0* v such that 
I

V : L Q L[, where O denotes the direct sum. 
I

ii. Let il:V ---+Fbealineartransformationandletu4.1/("),where//(T|isthe 
I

nnli space of 7' Prove that ' . . l I

'/ i,-: spanici o iviz')' 
I

Define the range spa,ce,n(") and the NulJ space,N(") of a linear transformation ? 
I

from a vector space V into another vector space ['l'" I
find m(7) and iV(?) of a iinear transformation ? : Rs -* R.3, defrneci by: I

T(*,A,2): (n *2y *32,r *'!J * z,u *5g+ 5z) V 1",r' a; t n*' I

\/erify the equation, dim V : clim(i?(f)) + dim(lf (f)) for this linear transformation 
N

T, where V : R.3. 

I

(b)

4. (u)

(b)

3. (u)

:#



(c) Let ? : lR.3 -* R3 be a linear transformation defined by:

T(r,a,z) : (x *29, n * y * z, z) and let 81 : {(1,1,1), (1, 2,3), (2,-1,1)} and

82 : {(1, 1,0), (0, 1, 1), (1,0,1)} be bases for 1R.3. Find the following:

(i) The matrix representation of 7 with respect to the basis Br;

{ii) The matrix representation of ? with respect to the basis ,82 by using the tran-

sition rnalrix.

5. (a) Find the row reduced echelon form of the matrix

(,

l:
\,

1i, -, 1\
13 3 0 'l1 3 3 -1 3 I

I 1 1 -2 -)

( -3a -rb

ld p

\ g-+a h-4e
(b) Find the determinant of the matrix

of the matrix

(c) Firrdl&re rank

1120
2 o*1 3 a-1

-3 a-2 a-b u*L
^ t O ', ^,)-A - ')^u-TL a q I a Lv

6. (a) State the necessary and sufficient condition for a system of Iinear

consistent.

Red"uce the augmented matrix of the following system of linear

row reduced echelon form and hence determine the conditions on

aLL,a1z,a2L,a2z,b1 and b2 such that the system has

I

\

3c

i
i-4far

'l
I

/

, if the determinant

equations to be

equations to its

non-zero scalars

i ^ ^ ^\
| ;"e"r I

\t h t )
of the uratrix

is equal to -6. 1,{i
for each possible value of tlr. ..ut6"{o



(i) a unique solution;

(ii) no solution;

(iii) rnore than one soJutiorr.

{.L1,r1 *A12X'2 : bI

a,ztfit*{IzZX;Z = bz'

(b) Show that the system of equations

ry* 3r2* rz* anq : a

r1*2r2+@*l)4-ra : 2

2rt * 5rz* (2* a)4* (a- l)ra : 3a * 4

is consistent, for all vaiues of a when ,] # 1" Find the value of a for which the system

is consistent when a : I ancl obtain the general solution for these vaiues'_

(c) prove Crartm,er's rule fcr 3 x 3 matrix and use it tc solve the followinq system o{

Iinear equations: ti

ry*2r2*2r:t : 5

1,3rq*2r2*3ns: 13. 
X

' '2rr -5'rz*rs:2 ' '{f


