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a by “
G={(p 4) 12d#0}
forms a group under the matrix multiplication, whére a, b, d € Q, the set of rational
numbers.

1. (a) Show that the set

(b) An element ¢ is called an idempotent element if a + a = a. Brove that a group with
binary operation * has exactly one idempotent element.
(c) Iﬁ,@Q = ¢ for all elements a in a group G, then show that G is abelian.

(d) Let @ and b are commutative elements of a group G. Using the mathematical induc-
tion or otherwise, prove that (ab)™ = a™b™ for each positive integer n.

2. (a) Prove that a nonempty subset H of a group G is a subgroup of G if and only if
1. a,b € H implies that ab € H, ’
ii. a € H implies that a™! € H.
(b) Let G be a group and a be a fixed element of G. Prove the following:
1. the centralizer
Cla) ={9 € G | ga = ag}
is a subgroup of G,
ii. For any a € G, C(a) = C(a™}).



3. (a) Prove that every cyclic group is abelian.

(b) Find the orders of each subgroup of the cyclic group Zq4. List every generator o
subgroups of order 6 in Zgy.

(c) Let G be a group and define a map A, : G — G by Ag(a) = ga. Prove that A,
permutation of G.

(d) Express the following permutations of {1,2,3,4,5,6,7,8} as a product of dig
cycles and then as a product of transpositions.

(123456738
"\8 2637451
. (123456 7 8)
36418257

4. (a) Let ¢ : G — G’ be a homomorphism between the groups G and G’. Prove tha
is the identity element of G, then ¢(e) is the identity element of G'.

(b) Which of the following maps are homomorphisms? If the map is a homomorph&n

find it’s kernel. ) B
i. ¢:R* — GLy(R) define by ¢(a) = (é 2) ) .
v 10 %
ii. ¢ : R — GLy(R) define by ¢(a) = <a 1) ? 5

where R* = R — {0} and GLy(R) is a group of 2 x 2 matrices in ]li

(c) If ¢ : G — H is a group homomorphism and G is abelian, provesthat ¢(G) i
abelian. * :
~

5. (a) Let H be a subgroup of a group G and g € G. Prove that Hg = H if and ¢
ge H.

(b) If H and K are subgroups of a group G and g € G, show that g(H N K) = gHI

(c) State the Lagrange’s theorem. Using the Lagrange’s theorem or otherwise fii
index of the following subgroups:

i. the index of (3) in Zyy,
ii. the index of (18) in Zse.
(d) Find the partition of Z;s into cosets of the subgroup (2).



6. (a) Let H be a subgroup of a group G. Prove that if G is abelian, then G/H is abelian.

(b) Let T be the group of nonsingular upper triangular 2 x 2 matrices with entries in R;
that is, matrices of the form
a b
[O cl’

where a,b,c € R and ac # 0. Let U consists of matrices of the form

1 x
0 1}’

where z € R. Prove the following:
i. U is a subgroup of T,

ii. U is abelian,

ili. U is normal in T,

iv. T/U is abelian.
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