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1. (a) Let A g}be an open set and let f , A -+ C. Define Yh"lis 
meant bv / being

analYtic at zo e A'

:
(b) Let the functio n f (z) : u(r,y)+tu(r,g) be deflned throuihout some e-neighborhood

ofapointZo:fi..fiao.Supposethatthefirstorderrartiaferivativesofthe
functions , and u with respect to r and y exist everywhere in$hat neighborhood

and tH,t they are continuous at (16, gs). Prove that, if those partial derivatives

satisfy the Cauchy-Riemann equations

0u 0u 0u 0u

a*: aa; aa: - a,

3't' zs: ro * rto, then the derivative f' ('o) exists'

(.) i. Define what is meant by the function h : R2 -+ 1R being harmonic'

ii. obtain a harmonic conjugat e u(r,y) of a harmonic function u(n,u) : a+ r
such that f (') : u(n'y) * zu(n'g) is analytic'



2. (u) l.

11.

Define what is meanf,by a path ^{:la,B] -+ A'

For a path 7 and a continuous function f :'y -+C' define [;Ol 
O''

Hence show that

(b) Prove that if u(t) is a continuous compiex valued function of f such that o 1t < 0'

[ -n .lt [ @(t)t d,t

Prove that if 7 is a path and / pe a continuous function on'y' then l/(')l .-M'fot

atr z €7 and M >lsuch that lf ;ao'\< 
ML'where t: Length(1)'

(.)

3. (r)

\lih\=+,
where 'y is the semi circular path given by z : 3ei0 ' -; 

'0 
<T . '

:4

,i

LetD(a;r)::{zeC:1'-ol<r}denotestheopendiscwithcentera€Cand

radiusr > 0 andlet / beanalyticon D(a;r) and,0 < s <r' ProveobauchY's

Integral Forrlgula, ' ;

I f f-9- 6r, for zn e D(o;s),
f (ro) : zn J"a,qT * ,o

where C(a;s)denotes the circle with center a and radius s > 0'

'f (b) Let C be the circle |zl:3,,described in the positive sense. Show that if

g(w): [22]-z-2 o' (l'l l3)'
l" z-w

then 9(2) :8trr" Find the value of g(tu) when ltul > 3?



4. (a) Letd>0andlet f :D.(zs;d) -+C,where D*('o;d) :: {z:0<lz-zal<6}'
Define what is meant by / has a pole of order m at zs'

(b) Prove that if ord(/, ,o) : m then f (r) : (, - ,o)* 9Q), Vz € D*(zs;d), for some

d > 0, where g is analyticin D*(zs;d) :: {z:0 <lz- zol < d} and g(zs) l0'

(c) Prove that if / has a pole of order m at' zg, then

Res(/; ,o):#-n,tg1 
{ ffin<rl\, where h(z): (z - zs)* f (z)'

Show that the residue of the function f {r): dY*at i is ry

/€
5. Let / be a analytic in the upper-half plane {z : Im(z) 2 -,}, except at finite}y many

points, none on the real axis. supiose there exist M,-R > O,and a>I such that
i

M
lf Q)l < #, lrl2 R with Im(z) > o'

tht l
Then prove that t

r I,: [* f@)d,r 
' 'l

J-*
converges (exists) and

I : 2ri, x Sum of Residues of / in the upper half piane'

Hence evaluate the integral

[* ?', , d,r.
J -* @' + L)(r2 + 9) --'

(You may assume without proof the Residue Theorem)'

r
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(.)

(d)

the Principle of Argument Theorem'

Rouche,s Theorem: Let 7 be a simple closed path in an open starset '4'

Suppose that

i. f , g are analyti c in A except for finitely many poles' none lying on 1'

ii. / and f + S have finitely many zeros in A'

iii. le(z)l <lf Q)1, '€ 'Y' rhen

zP(f + s;i - zP(f ;t)

where zP(f + gj,y) and, zP(f ;7) denotes the excess number of zeros over poles

off+gand/insideTrespectively,whereeachiscountedaSmanytimesasits

order.

State the Fundamental Theorem of Algebra'

Determine the number of zeros of za - 223 + 922 +z - 1 in the cfcle lal : z'

;,
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