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1. Define the term norm on a linear space. ‘ (10 Marks)
(a) Show that the following formula -,
i 1/p :
e, = (3 leal) ",
n=1 4
defines a norm for z in the [P space, where 1 < p < o0. (80 Marks)
(b) A norm ||-|| on a linear space X is said to be equivalent to a normﬁ-]{o on X if
. N
| allz]ly < [zl <bllzlly,
re
for each = € X, where a and b are positive numbers.
On a finite dimensional vector space, show that any norm |-|| is equivalent to any
other norm ||-||, (30 Marks)
(c) Let
el =3 e, and el = o o
be two norms on a linear space X = F", where z = (1,23, -+, z,). Show that ||z||,
is equivalent to ||z||, in the space X. (80 Marks)



2. Define a linear operator between two normed linear spaces. (10 Marks)

(a) Let T be a linear operator from a vector spaces X to a vector space Y. Prove the
following;:
i. The range of T, R(T'), is a vector space. (20 Marks)
ii. The inverse operator of T, T~!: R(T) — D(T) exists if and only if

Tz=0=z=0,
where D(T) is the domain of T'. (30 Marks)
iii. If T-! exists, then it is a linear operator. (20 Marks)
(b) Show that

Ta(t) = / t 2(8)d,

¢ € [a,b], is a linear operator on the space of continuous functions Cla,b]. (20 Marks)

3. Let X and Y be normed linear spaces. The norm of a bounded linear operator 7' from
the domain of T', D(T), to Y is given by

i) - sp AL
€D(T),z40 || A

(a) If X is a finite dimensional normed linear space, then show that every linear operator

on X is bounded. ' (20 Marks)

(b) Prove that if a linear operator is continuous then it is bounded.> (80 Marks)

(c) Let T be a bounded linear operator from a normed linear space X to a normed linear
space Y.

i. Show that the null space of T is closed. . (}0 Marks),

ii. Prove that T is bounded if and only if 7" maps bounded sets in X into a bounded

sets in Y. (80 Marks)

4. (a) State the Hahn-Banach theorem for normed linear spaces and prove this by using

the generalized Hahn-Banach theorem. (40 Marks)

(b) Let X be a normed linear space and let zo # 0 be any element of X. Prove that
there exists a bounded linear functional f on X such that

|7 =1 and f(zo) = |zl

(80 Marks)
(c) For every z in a normed linear space X, show that
flz
ol = sup U
rexnizo £l
where X' is the dual space of X. (80 Marks)




