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el, (a) Define what is meant by a complex-valued function /, defined on a domain

,(-C A), has a limit at zs € D. J

(i) Prove that if a complex-valued function /.has a limit at zs e D, then it is

uruque.

(ii) Show that
Sza -223 +822 -22*5

(b) (i) Let f , S C C --+ C and let z6 be an interior

meant by / being continuous at zs and on ,S'

Show that the function

f("):,'

lim
z+i

is continuous at' z : 26.

(ii) Is the function

f(r):

z-?,

3za -223 +822 -22*5

L

:4+4i,.

point of ,S. Define what is

z -'i
answer.continuous at z : i,? Justifv Your



Q2, (a) Let A C C. be an open set and let f : A -- C. Define what is meant by I bein

analytic at zs e A.

(b) Let the functionf (z):u(r,a)+iu(r,E) be defined throughout some e neigl

borhood of a point zo : r0*96. Suppose that the first-order partiai derivativr

of the functions z and u with respect to r and g exist everywhere in that neigl

borhood and that they are continuous at (16,go). Prove that, if those partii

derivatives satisfy the Cauchy-Riemann e4uations. ,t)* : uu and u, : _l)n 
i

(no,Ao), then the derivative f,(zs) exists.

(.) (i) show that, if f (r) : u(r,y)+i,u(r, g) is analytic in a region ,s and f 
,(") 

=

everywhere in S. Then / is constant throughout ,9.

(ii) Let f (") : u(r,a) * i,u(r,E) be analytic in a region s. Show that tl
component functions u and o are harmonic in ,9.

Q3. (u) (i) Define what is meant by a path .y : ld, p] -, C. n ..
(ii) For apath7 and acontinuousfunction f , j- C, define [-,f {"\ar.

(b) Let ae C,r>0andn€2. Showthat ".

f
J"r,,,r(z - a)"dz: {2*u' \t-i h

(c) State the Cauchy's Integral Formula.

By using the Cauchy's Integral Formula compute the following integrals:
f

(i) I #o0,,JcQ;z) r - z-

fT(tt) 
/",o,r, f;We:Adz, where k e z,lol > 1 and lbl < 1.

Q4. (a) state the Mean value Property for Analytic Functions:"

(l) (i) Define what is meant by the function / : C ---+ C being entire.

(ii) Prove the Liouville's Theorem: If / is entire and bounded then / is cr

stant.

(State any resuits you use without proof ).

Suppose that ihe function J(z) : u(r,A) *i.u(r,g) is analytic everywh

in the rg-plane. Prove thal u(r,y) is constant throughout the plane.



(c) Prove the \4aximum-Mod.ulus Theorem: Let f be analytic in an open cotl-

nected,set A. Let 1 be a simple closed path that is connected, together with

its inside, in A. Let

M "- suP l/(z)l'
ze'l

If there exists z6 inside 7 such that l/(26)l: M 
' 
then / is constant throughout

A. Consequentiy, if / is not constant in A, then

lf (")l1M, Vz inside

(State any theorem you use without proof)

Q5. (a) Let d > 0 and let f : D.(zs;d) -+ C, where

D*(ro;6) :: {z :0 < lz - ,ol < d}' Define what is meant by

i. / having a singularitY at z6;

ii. the order of- f at zo; n 

"
iii. / having a pole or zero at z6 of order zn; "

iv. / having a simple pole or simple zero at zx'

(b) Prove that I

ord(/; ,o):* if and' only if f (') : ('-''o)*g(')' V z e D*(zs;5)'

for some d > 0, where I is analytic in D(zs;d) and g(zo) + 0'

(c) Prove that if / has a simpie pole at 26, then

Res(f ;ro): )rnQ - zo)f (zo).



Q6. Let / be analytic in {z : Im(z) > 0}, except possibly for finitely many singularities

none on the real axis. Suppbse there exist M, R > 0 and a > 1 such that

t/(,)t = #,vt2 R

with Im(z) > 0,

Then prove that 
f@

t ,: 
J _*f @)F"

converges (exists) and -I :2r'ix Sum of Residues of / in the upper half plane.

Hence evaluate the following integrals :

f* coszI-
J-*r+12

7fe"L
2ri J se.31 z2(22 * 2z + 2)*-'

I
l


