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1. (a) State what is meant by
1. an abelian group;

il. a cyclic group.

2 n—1

(b) Show that the set containing 1,w,w?, -+, w"!, the n'

roots of

unity, forms an abelian group of finite order with usual multipli-

cation. Here w = cos (2-3-{) + 1 sin (3{),7:, =2, 3w
7l T
(c¢) Let G = {a) be a cyclic group of order n and a € G. Prove that
_Ofa)
(O(a),m)’

the order of a and the greatest common divisor of O(a) and

i O(a™) = where m € Nand O(a), (O(a), m) denote
m, respectively.

ii. for any r € N such that, if 7 divides n, then G has a subgroup
of order r.

iii. for any k € N, a* generates G if and only if (k,n) = 1.

(d) Prove that, for any 2 x 2 non-singular real matrix and n € Z

T

17 1 n
o 1 0 1

Hence prove that the set

1 n
H= nel
01

is a eyelic subgroup of a group of the set of all 2 x 2 non-singular

matrix under the usual matrix multiplication.
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2. (a) With the usual notations, prove the following for a group G

i 2(6) = (O();
ge
. Z(G) 2 G;
ii. If G/Z(G) is eyclic, then & is abelian.

(b) State the Lagrange’s theorem.

i. Show that every group of prime order is cyclic and that e
group of order 4 is abelian.

Deduce that every group of order less than 6 is abelian,

ii. Prove that gl = ¢ for all ¢ € G, where e is the identi

element of G.

(¢) Find the possible order of a non-cyclic subgroup H of a groups

order 100 such that H has no elements of order 2.
3. Define the term isomorphism as applied to group.

(a) i. Prove that the composition of two homomorphisms is
momorphism.

ii. Prove that homomorphic image of a cyclic group is cydie

(b) State the First Isomorphism theorem.

Let U3(Z) be the set of 2 x 2 upper triangular matrices such {i

a b
Ua(Z) = ca,b,d € Zoad#£0
0 d
(You may assume, without prove, that U, (Z) together with maif
multiplication forms a group.)
Let ¢ : Uy(Z) — Z be the mapping defined by
a b

6] ==

0 d

T

i. Show that ¢ is a homomorphism.
ii. Find ker ¢.
iii. Find image of ¢.

iv. Prove that Uy(Z)/kerd = Z.



4. (a) Let G be a group and g1, g» € G. Define a relation “~” on G by

o+

g1 ~ g2 if and only if there is an element g € G such that g, = gg1g7".

Prove that “~ " is an equivalence relation on G.

Given a € G. Let I'(a) denote the equivalence class containing a.
If G is a finite group, prove the following:
i. | T(a)| =[G : C(a)], where C(a) = {z € G : wa = ax}.
ii. a € Z(G) if and only il I'(a) = {a}.
iii. if |G| = p™, where pis prime and n € N, then G has non-trivial
cenler.
(b) Define what is meant by the internal direct product as applied to
a group.
Let H and K be two subgroups of a group G. Prove that G is a
direct product of H and K if and only if
1. each z € GG can be uniquely expressed in the form
2 =hk,where h€ H k € K.

ii. hk =kh forany he H k € K.

5. (a) Define a commutator subgroup G' of a group G.
Prove the following:
i. G'4G;
ii. G/G" is abelian.

(b) Define the term p-group.

Prove the following:

i. factor group of a p-group is a p-group.
il. homomorphic image of a p-group is a p-grHup.

iii. if H and G/H are p-groups, then G is a p-group, provided

that H is a normal subgroup of G.



6.

(b)

(d)

Define the following terms as applied to a permutation group:

1. cycle of order r;
ii. transposition;
i, signature.

Prove that every permutation in S, can be expressed as a prol
of transpositions.

Prove that the set of all even permutations, A,, forms a
n!
subgroup of S,, and |A,| = 5

(State any results you may use without proof)

12345678
Express the permutation as a i
4 5821763

uct of disjoint cycles. Hence, find out whether it is odd or e



