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t (o) Defrne the terms "complete" and ,,separable,, as applied to a

norrned linear space.

Show that if 1 ! p < oo, then the sequence space

f-r
Lo = \x lrt : .ti ( C, )- lr,lp < oo lr f,''' J

lv \;
wilh norm given by r '= lf ,.,'" I is complete.

\'=r J

Show uhat lP is sPparable.

Is the sequence space

{r = 1.,.1 , r, c 0, sup r,l< oo}t.,')
with norm defrned by ll " il= srp lorl separabie? Justify your

answer.

(b)

(")

(d)



3.

(a) Let M be a proper closed subspace of a notmed linear space X

Prove that for every real number r € (0,1), there exists it" € X

snch that ]l r" ll= 1 ard ll c, rn l] > r for all rn € M

(b) Prove that a normed linear space X is of finite dirnension if and

only if the unit ball {o € X , ll , lL :. 1} is conpact

(a) Define the term " bounded linear operator " from a normed linear

space into aoother notmed liBear space.

(b) Let 
" 

be a li[eax operator from a norured linear space X into a

normed iinear spacc Y. Show that the followiug statements are

equivale[t:

i. ? is continuous at the o gin;

ii. ? is continuous on X;

iii. ? is borrnded.

(c) Show that a linear operator ? : X -+ y is bounded if and only if

? maps bounded subsets of X into bormded subsets of Y.

(d) Show thai the operator ?: 12 --+ l'z defined by
X:,

?(r) = ia'1, n,: -, t : \4)
is linear and bounded.
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4. State the Hahn-Barach theorem for a norned linear space. 
:ri i-anY'-'l'

(a,) Let M be a proper closed subspace ol a normed linear space X.
Letco€X\M andietd=inf{il x - z.)): ceM}.
Show that there exists / e X' (dual space of X) such that

I
!(".)--1,ll /ll -- and J }on M.

Hence show that it X I {0}, then for elety s € X, there exists

s € X* such that s(r) =ll , ll a,1d ll s ll= 1.

(b) Let X and Y be uormed linear spaces with X I {0}. Show that

if BlX, Y] is complete, then y nimt be conplete.
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