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(u)

Let ,4, ( C be, ar,, opcr ret and let j : 
"4 

-+ C. Define what is meant
by f bein5l analytic at z6 e .4. [20]
l,el. A g U l': cn o[,r'r sel and ]eL !: A+C, be differentiable ar
somD z0 =: {0 + i yo e A. 1l f (z) = u(r,y) + iu(a,y), then prove
that

(i) u(r,!i) and o(r;.y) have partial derivative6 at a) = 6,.!rir,
that sa,tisfy the Cauchy-Riemann equations

0u 0a 0u Aa

d.r 0y AU dr'

[50j
{)btaio a hannonic <rorjugate t'(:r, g) of a harmonic function
u(x,y) = p:t -.2,r,t, 

"uclr 
that I(z) = u(x,u) +iu@, is aralytic.

l30l

firr apath "1 and a continuous {uuction / : 1 + C, defrne J., f (z) d,z.

' [20]
Lel 7 be a palb aud lrlt / be a continuous function on .y. If M 2 0
srich that l/(;r)lJ,L/ for all z € ?, then prove tlat

lllowl'*',
L



whete L .:= leng th(t) .

Hcnce show that

lt ri .t-r.Zr
) | ., -1dzl 

< -: r.
1.t.,2'- | - I

wJrere 7 is fie semi t:ircula,r path given by z :3eia,

a) Stnie the Cauchl/,s Integral Formula.
130l

By using rh,: Oar.rc\yrs Jntegral Formuia campute f,Ie lollowing
inte$alsi

(i\ [ --- 
t 

---- r,.' ' Jclo'4 (. - J;)1" t::)"-''
rj) [ -!o]-:.-..a,.' 

J c@iz) \z' + t).)

n'here (J(a; r) derotes a po$itively orieoted circle certxe a with
radius J..

the M.ean Valuc Prope.rty for Analytic Functions: let
b"-*?lJ]li crr a dirc /)(o:r) ;- {z € C : ,.u - al < 1} 2ad ls,
e (0, r). T'hen

[50]

! ag<\2 * -2
[30]

[20]

12ol

/(z) =

I30l
Define 'ryhat is rne iurt by ihe function / : C -+ C boing entire.

[20] .

1 l"'
GJ" f(a + scit) dt.

oae l,iouvilletF.ltheoremr if / is r:ntire a.nd

her I it consl,&Dt.

arry results without proof).

2

ou nay a.ss]rme
[50]
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\',r". "r ")\
Xl.lru,"n^,,r, _..r$

.Jita,,.r.r"\4'in(i,.!unr_,.lodulrrs.fheornr. 
[l0l

Q'1. iI / Lns a pr,1e rrJ r,rdltr n irf ,0, tl
rrr rr,'1111 1,,i 

", 
. ,1 .rj ,,,,r',, J;:;':',1 '''"'" 

rhat the residr'c or / ar zu

Res(r ts)... 
i;;;i. ry,i*i 

jfire-zo.)^r(,)l

l60llj(,n,te evaluate tlre Ioli(nving i{te$al

I' d'
L,,, " t1

ia,ke.i cr:runterclrrcltwisc arr)l lt(l the cjrcle

(j) r,:l -= 2;

(i;) l, +. 2l =il.
[2ol

[20J

Q6, (a) litate tile pr:inaipl€ oj, Lhe r
(h) prore Rour:rre,s ,r,lrr:orem: Tffi::tffi:".",r p"rl, i::llrllrr sta6el, _4. Suppolrc that

(i) /,9 arc rurdt,{ic irr _,[ except ltrr linitely urany poles, nonelyir4; on .7.

(ii) / and t' ,f rr lave lilitely rnany zeros ir ,4.
(iii) ]s(z)l < i/(z)], ,, 6. 7. 1,;s,

zt\J- q.11= Zft.l:))
w|€rc ,,I'(,r .+ r/..!) nd Zl(f ;7) dcrrote t,he rrumtrer ofzerr,.- rrrrrrL,.. ol 1,, L,s irr.i,le ol | , p ;tnc| / ,".r",r1*f"

,,,,,.:'1"j";;,;:],'.""1,,:,;,^il"'in'*'"ri'"''r"'1 
" " i;i

(d) r,rq,e rhai r.u 5 zr:,os 0r.,,,(z) 
jT;:it:lT],. 
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