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all questir'ns 'Iime allowedr 3 Hours

) t,et ,4 f C be an r4)err ilet and let / : -4 -r C. Define what is meant
by / being analytic at.z6 e ,4. l20l
Lel ,A !. C tre ar open rct and let /:
6olne zn

I U f,e ar open rct and let f : A -+ C, be differe.ntiable at
n = u0 -l iyn e A. If f(z) - u(x,u) + i.u(r,a\, then prove

thai

(i)

(0,u) + i.u(r,a), tlen prove

a(c,g) rr,nrl rr(a, g') have partial derivatives al zo: oo+i,!!o
thai satis{y the flatchy-Riemann equahions
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i)t 6a'
0u
0a

do

[50]
y', := {z : Re (z) > 0} and ler

J (,2) :,= 1,og )zl + i o,r g (z) , z e "4,

org@- i u),=r."too l'1). , > o.' \!xI'
thai lhe Cauchl',Iliemaru equa,tions are saiisfied for z € "4.

[30]



clr. ia) (i)

(ii)

1b) Lr:t

Dr:fine what is yreant by a pathT : [o,B] -+ {).
For a l)a::l ? an,l a continuous firlctiol / : 1
.1., I 1,1 a,. .

F;( r . r.. i:rr.l , e Z. Sl.,rw rlrar

I (o
i t-'n'"dz I tJ 1'

.t e (,t: -, [2r,.

+C,
l10l

define

l10j

[30]

[20)

l15l

[15]

(litate but rlo rrot prc,\e ary results you mal,assurne).
icl Shate tlle r:iauclLy's l[tr:fegral trtrrmula.

l3v using t h,: Cauch).'s Integral Trorrnula c6mpute the followilg
irtegrals:

(') 
l,u,r,,.; 5lr, ,;:;1; 

d';

(\t 
l"@,, ( ;::9: i')'t'

Q3 (a) Str,te the ItIeeLn \ral[e Froperty for Analytic Functions. 110](b) (l) Definr: rrhai is nr{la:rii by the turction I : cJ -+ C belrrgcntire.

(ij) I\ove .l.,iou.,ill(ris l,heoren:: if / is enfire and 
[10]

n rr { /1/ rt : 't, - r}
, ' l). a\ r' + ci..

lhen f is ilanstanij.
{\ ou 

"'11 a. ,lI,,,,, ,,,,y ,".ul,s rr ir huut pr,rnlr. 
'30

(l) irrove tle l\{aximurn-tlloduiu$ ,fheorrnr let / be analyiic in
an open c,:rnrrercled s€t .1. l,et T be a sirrple closed pattr ihat is
conl,ained, tllg3ther wit r its iusido, in ,4. Lot

l/ = jq,),/r:J.

:

!.
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fhen jf th're exisrs :,0 inside 1 sur"h thar /("., : .t*@
consijant througbo t ,4 Consequently, if/ is not constant in,4,

1.1'(z)l < U V za insirie 7.

(-rbu may armru:re a sui;able uniquenes. ,fr"or"* *irirou, orl,Uo?l.

(r) Lct d > 0 arf, lr'1 1: l,'(20;d) -+ C, where /).14;d) := {z :0 <I * zol < lJ. Dr'finc rr.|ral is lrearrr by

(i) / |avirrg,r s rgrrlarj,y ar zo;

(ii) the oldH of / at .ux;

(iii) / having a pole or zero at z0 of order rn;
(ir) / having asirrplerpole orsimplezero at 26. i40l

1b) Plove rhar

cn'd'(f; a) = rr1

if a.ld oaly if

.f(;z) =. (z - a)^ s(z), z e D.(zn;6),

for some C -', (J, q/her. ,, is aoalytic in Dl,xi6)and g(zu) / 0.

{601

(a) Prcve thal if ./ has ,r sirnple pole at 20, en

Rea(.J; zn) = liy: (" _ ,o) f (ru).

130l
(lr) L,et / be ar*rlytic in {z : Im(\: 0}, except possibly for finitely

maly $irrgldarities, Dole on the real axis. Suppose there exisi
M,.4>0rir:tlor >1$ ch that

N'J("'! 
;z. lzl > i? with In|z) ao



'l\el prove l,ihat

cr:rnverges (exists) a,lr1

t,= l* r@)a,

J = 2ni >< Sum of Residues of / in the upper half plane.

Ile.nce evaluate lhc lc'llor!ing integral

.l-*-t +7 d'

)t1P(.f + si1) = zI'(f ;t)

where ZI'(l--t;1) and Zf(J:1) 'JenoLe 
tl^e numberof

fzeros - number of poles inslcle "l of f + g and f respectively,

eacl j$ cor[ted as manJ' times as its order. [40]

the F,undaLmer:tal thedrem of Algebra. {20]

that all 5 zerosbf P(z)=z$+lz3+t lie in zl <2. l20l

[50]

120l

ou may assunre wilhout prool the residue theoerern)

State the Prinqiple of the Argument theorem. [20]

Prove Rouch.e':i Theulemr lei'7 be a sirnple closed path in an

oper sta.lllet ,{. SuppoBe that

(i) /,g are analytic in A except for frniteJy many poles, none

lying on .y.

/ zurrl J * 9 bave lirftely many zeros in ,4.

ls(r)l *r l,f(') , z €'y. rhen


