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EASTERN UNIVERSITY, SRI LANAKA,
SPECIAL DEGREE EXAMINATION IN MATHEMATICS I2OOI/2OOA JI,.

(Ja uary / Febnrar, 2n04) i r. '
MT 406 . APPROXIMA'I'ION THEORY

ANSWER A.LL QUESTIONS TIME ALLOWtrD: 3 II()Ulis

QI,

(i) Given thal a set r<is convex iffg e Kand 0: d S t implies 0/+ (l e)g€ K.L,etXbea
nornred spac€ aud letjf e Xand r > 0. Shorv that the ball ( ..: 

79 e X . lL/ f 11 : .; i.convex. [r5 mark]

(li) Letf be a normed space and let,( q Xbe convex. Show that the set ofbesl of
approximanttr 1o/(€ ,l) from IC is a convex set [15 marks]

(iii) Define t-"niform Convexity and Strict Convexily ofa notmed space and sbte which
inlplics the other. Ils narks]

(iy) li C[-1, ]] uniformy coovcx? Jusrify your answer. {15 narksl

(y) Prove that an (real) inner product space is uniformy convcx. [20 marks]

(li) Ily meani ofan example, show that the unifomr convexitv is esscrtifll fur uniqueness of
bost approxirnants [20 ma'ks]

Q2,

(a) L€t ld, rl be given and let Jo,jlir, ...jr, be disrinct points in [.7, b ]. I_et,fbe analytic inside an<l

on some simple closed contour f ciontaining [l1,r]. I-et 11, be the Hermite interpolation

polynomial o t degrce : 2n + I, satisfying

H,(xj) : Axj): H"(t.t) =|'ej), 0ajan
aDd let

w14,=fi6-*s.

Then show that

,. &I { E! l'dr. , in,;a. rl$) ' H,(x\ t zoi J, , ., , ,,,, ,
(Hintil-H, has double z-eros atrj, 0 <j S n) {.1o martsl

(6) Define thr nth Bernstein polynomiatr,lr. [5 marks]

(i) Civen thal.l(r) = xi lorj = 0,l,2.Provelhat

I30 nnrksl

t,lf,l@ = 7(4 ior/ = 0, I and ,,, Ltl(j) =.r(x) r +(j - xr).



(ii) State Bohnran-(orovl(irr theorcm and ose it to prove th^t therc exisls a sequerce {P'};l ol

polyDomials lruch that linP, = / for every/ € C[0, 1 ] Name the rcsull' [2s nra*s]

Q3.

Let

1s',01xr:- i J'.,r" "T*i'*t'
and deline the Ces6ro means (Fejer Operator) as

(;,,/r= +ls.]/+tL/r 's' d'
(d) Prove that

(6,,,4(') =

[:t5 narks]

(6) Show that lhe Fejer opotalors G, are monetone liDear 120 narksl

(c) Show th tGrl - l, (G,cos)(x) * cosr' and (Li' sin)(jr) .'' sinjras'? 'o: andhetrce

sho$ that tht l;ejer opcratols ofthe F'oul ier series ola conlinr'trlrls 21t _periodic functioll

ponvcrge uniformly to the ftlnotion [45 marksl

(Hin : use the t,iso,,o,n".i: 
1l]"1,,1'i: :15:i;:.J"';';:::[Tii:fiil,*,;li::iill]i],];l;iJi*'

denote a seqrle ce ofmonotone llnear ole

f € C2s, it is necessary and sulficienl thirt such convergence occrtrs for/= 1' cos' and sin )

Q4.

(a) Define a Chebyshev system on a closed interval La''land show that {earr'ed'' ' '?6r} is a

Ohebyshev r;ystern, whete a 1.a2"ar arc clislincl reai nurnbcrs [25 ri'rkt

(6) Chebyshev polynornial ofclepirec 
'? 

is defined as

I,,(r) := cos(rrarccosr)' -r€[ 1'l]' n -0'l'2'

(i) Show thal I, satisfy il'le recu ence relation

T,,(r) : 2'r?''r(x) - T"(x)' n-2'1"

[25 'm,ks]

(ii) Use (t) abovo and inductio[ hypothesis to show lirat Zn is an algebraic polynomial crf

degree n with leading coefficient 2" L' lr > 1 [25 nrarksl

(iil) Show that ?'" satislies the lollowing difteretial equaliorr

\z
"" / qrn -rl \Ll nr+"rl 

-L 
I Lll

2nr I ," '''\ sin1 7



Qs.

(4) Ilg is a lri8onom€tric poryno,n;al ofdegrec:: ,, with onry cosirle terms, shoiv thai there
exisls an ordinary polynohi6ll(.x) oldegree < /? such that

8(0) = cos0

A - " )#"- -,fr + n,t - 0. where/ = z,(,).

afflassume that lj)r so|l'e 1 ., t. f\ e ( l_l.tli d
[0.22] . Shou, rhe fo owing:

("lgl = o,n, n> t;

E,$ < +w'llr ,.,)#. t;

-n-1944$l.
.\ ,/
:/ \'

l.i
.'dd
\ _.4"-
\ ',\ .lJ l, [t it,i

I25 marksl

[20 ma.ks]

(r) l.et./€ C[-1, l]
g(0) =.^cos 0), 0 €

(0

[30 nra*E

(ri)

125 nnrksl

(iii)

i"iri: ( j.),'", ,,, ,,il,f a, r,,,) ,, r,,
lvhere [,1/:.4,rY] denote the e*o(s in apfroxir'atiorr .r/by an orLrinar),and kigonorrrctric
polynornialof degree 5 r, respcctively ancl.D(1.) dsnotes the modLllus ofcorrtinuity. l25 marksl

ou may assume that /,[, : E,,V- pl, for any ordinary polynomial oldcefee < i,)

a)-ln each ufthe lollo$ing threc inequal;rjec givc lhe nrissjjrg tir),.ri.,n. (;,r
nal stloutd rnpear in tlte lollou ing ine.lL.alities. Al\u rrarne t\c ijlcq atilics.

n) or (in r.nd r)
l.l0.ra*t

) for frigcnometric polynomials ofdegee n

11n'il,.z,r < llR llro,:,,r

F'or ordi rary lalgebraict poly utnir t. f ufJcgr.e ,
ilP'llr.,.,r s ilPllf ,,,r

) For orclinary (algebraic) polynomi. s I ofdogree i], and ,r c ( l. | )

lP/(r)11 lllllr_,,1r



4

Civct$olri,:onometricpolynomialsofdcgree'7forwhichlhcl.eequillilli'rJ,dnJonc
ili"u,"i" p.'fy"o.i"f nf degree'r lor which there i\ cquali{y in (ii) ahrve I l< rnflrl'Il

(D) L,et/e r12, ancl0 < d < l. Provc that the following are equivalenti

(/) 'lhere ei{ists,4 > 0 suoh thal f'"[/l 3 An'" , n Z 1

(//) fherc exists, > 0 such tharl^x) -./(v)l < 
" 

ll"' fbrr', ' l0 27rl

[30 n)ark'']

(c) Letflo) := lgl, I e [-2, t] and exl€nd/lo R by 2z periodicill' Prcve th^t lhcle crisls

,,1 > 0 such that

l nlAn'i' 4' I

but that if ri, > l, there does not exist I > 1 such that

6'lA t 'ln 
" 

t1 >- t

[2s m:i,k(l

(llere {,[l dgnot€s the error in appmxjmatioo off by a trigoilolnetric polYnollt;nls of dcgrco ,?

ld R dcn l,:s lhc.(l ol real nJrnbcrs)


