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Answer all questions Time allowed : Two haiurs

L. Define the term complete metric space.
Show that the space G[~1 1), the set of all real valued continuous functmns on

the interval [~1, 1], with the function d : Cl-1,1 %X Cl_13) — R defined by

d(f,g) = ( [ 1(f(:r»') = 9(3))"‘@) = for f,g € Cpoiy

1s a metric space but not complete.
2. Let (X, d) be any metric space. Prove the following:

(2) a€ A==V r>0B(ar)nA#d,

(b) If D is a dense subset.in X and G is an open subset of X, then
GNnD =3,

(c) I Ais dense in D and D is dense in X, then A is dense in X ;

{(d) If G is open and 4 is-disjoint from G, then 4 is disjoint from G.

3. Define the term compact set in a metric space.

Let f be a function from a metric space (X, d1) to a metric space (Y, dy). Prove

the following: |
i

(a) f is continuous if and only if F~Y(G) is open in X whenever G is open in

v,



(b) f is continuous if and only if f~*(B°) C (f"}(B))° VBCY,
(c) Ifiscontinuous and A ia a compact subset of X then f (A) is a compact
subset in Y.

4. Define the following terms in a metric space:

e Separated sets,

s Disconnected set.
Prove the following:

(a) A metric space (X, d) is disconnected if and only if it can be written as

a union of two non-empty disjoint open sets,

(b) A subset A of a metric space (X,d) is disconnected if and only if there
exist open sets Gy, G in (X, d) such that GiNA# @, GoNA #£ 9,
GiNGaNA=%and AC G1UG,.

(c) If f is a continuous function on (X,d) and A is a connected subset of X

then f(A) is connected.



