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MT 306 - PROBABILITY THEORY

Answer all questions Time allowed: Two horrrs

1. (a) Define the term "conditioDal plobability".

Let ,4 and B be two eve4ts.

i. Show that

Ptl - Pll) Pt A' Bl
'"): -1 pllB)-

Hence show that P(,4 4 B) > P(,4) + P(B) - 1 .

ii. If P(/) > P(B), then strorv that P(4 B) > P(B A) .

(b) A random variable X has Poisson distribu.tion with parameter ) given by

plx-'l ='-)l' 
'' ":0,r,2,...

Find thp nrran. variarr,r'and nrot .t,t gpt erhting fu , rion ul Y.

(c) During olfice hours, telephone calls to a telephone in an ofice come in at an avclage

rate of 20 calls per hour. Assuruiiig thai a Poisson distribution is relevant, writo

down the probabiliiy function of {, the number of ielephone calls arrir,ing in each

five-minute period. Find the probability that there will be

i. less than two calls,

ii. more than three calls,

in a five minute period.



2. (a) If X is a randorn variable with density function fi and 9(r) is monotoDically

increasing and differentiable function from lR into lR, sholv that 
'' 

= g(X) has the

density function

Lto: - ! ),1!t rxrl j, e-'rutl. v c R.

If the probability density function ol X is given by

(kf
I .'........_ ri.r>lj

/(rl = i (I + 2"rlb

[ 0 otherwise

where k is a constant, frnd the probability density function of the random variable
a'.

' r+2x
(b) Random variables X and Y have joint density function

( ,r"-!rO il 0< r'< 1,0< e.2
lvv(r' el = < |

[ 0 ot hPrwile

I ind

i. the value of c,

ii. marginal density 1unctions of -{ and Y,

iii. E(xv).

3. (a) Define rhe followilg terrrs:

i. Unbia.ed esl imaror';

ii, Risk function.

(b) Let Xl, &, , X' be a random sample from a normal distribution with mean p

and variance d.

i. Show that

$rx, Tr, _,,,
? e Y!-'

r -i-
Hence, show that S' = -i , ) .(X, r)' is an urrbiased estimator of 0,la

ii. Find the risk function of 52.



ii i. Lct 7:
lunction

csl,iualor lbr F/, whulc
lr 1 1,92) : Slrorv tl,rt ili'fslr

e2
f\n' - t)b2 znl, L)6 + n')]

Dcduce that b - -]:-. if risk is rniuirnurr.,+l'
(a) Dcline the rnaxirnum likcljhoocl esiirnator.

Let ,Yr . Xr, . . . 
, X,, bc i1 ralrdoru salrple 1i orn a norrni.rl distl ibu ti(xt tvitlr unkruvn

mean p and unknowl valiance 02. Find Llie rnaxitnrlD lihelihood eslii1llal,ols lbr

11 a\(1 02.

(b) Lct X1, X2, . . 
, X^ be a random sarnplc liom a normtrl disl,ribution with urkuorvn

mcau tr4 and knorvn variancc af arrdlr:t),1, 11,...,),;,,boar-an<Lrursaurpliifrorrr

a normal clisbributioD with rtlknowll rncan ll'2 and hnorvn variaruu.o;. iiiucl the

fit)(I - a)% conlidencc irrterval for 7r1 - g2.

(c) Supposc we rvish to mcasuro t,hc cli{lcrence i s21lcs lrel,wccrn ttvo lrypos of crnployccs

in tllc insllrance industry. Olrc tJ'pc colrsists o1 |eoplc \\,ho 6rc colhgc grn(luatcs,

ard lc other co sists of high school gtaduates only. A rarrcloru salrple ol 45

cmployees is l,akel frorn those rvith a coilegc dcgree and thc llreilr of rnonl,hly

sales is 32(in [housand clollars), whilc lhc meal of asample of60 omployccs rviih

high school cliplornas is 25. It is irssumeci that lrhe viuialce oj thc nlouthh- s.rlcs

is knolvn to be 48 for collcgr: gradualts and 56 for lrigh sclrool graduatcs. Find

lhe 95% confirlcncc inberval lbr l,he diflcrencc bctwccn Lhe a\rcrage sales of the two

tvDcs of salesrrrcn.

l.rl" be an

of ? is


