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Ansrver all questions Time allowed: 3 Horrrs

Q1. (a) Lct 4 ! C be an oper Fet and let / r,4 + C..Define what is rneant
by J being analytic at ze €,4. i20l

(b) Lct the furction /(z) : u(x,A) + it'(x,A) be rtefinerl rhroughout
sonie e neigLrbourhor)d of a poilrt zn : i:n .I iyj. Suppose thali tlr{l
lirst-older partial dotivativcs of the functions u(r,y) utll1 u(r,y)
with respecl to n aDd y exist cYerywirerc iu that lleighboL .Lood
ard that they arc coDtiauous at (:16, 96). prove that ifthose partial
d, rirur ivc" sa. ily I lr,, r-aucl,y-Ripr,ar,,r pouarior,., r t,. i.,,-, .,.
anLl .r,- -ur at lro.ro)tLprr L\e dpriv,.r;vc /'{:6;, ris.-

[50]
(c) Verify the analyticity of thc followiDg functjon

.f(z):ze', z=:t:*iU,

ir the complex plarre.

[30]



a2. (r') (i) Deffne what is meant by a path ,y : lrr, pl -r C.

(ii) For a path J arld a continuous lunctiol /: ? + C,

I' Itz1J'
(b) Let a € C, r > 0, and n € Z. Show that

[101

defirre

Ii 0]

. [30]

I20l
thc follow-

/
t ,, ,,',t.,- )o' nl--

lr-(6. 11 [:.n,. n - I

where d(o;r) denotes a positi\rely oriented circle with cintre o ard
radius r.
(State without proof any results you may assurne).

(c) Statethe Cauchy's Integral Formula.
Bv using the Cauchy's Integral Formula, computc
irrg iuteglalsr

I e'l(i) / --;:-= d:, ,>u;
J(.01 :'| |

'' t cos?(r) / ,- 
^^,d?JC(o 2) \1 T rrl

lr5l

l15l

Q3. (a) State the Mean Value Property for Analytic Functions. 110]

(b) (1) Deflne what is meant by the function / : C "+ C being entire.

[10]
(ii) Prove Liouville's Theoremi If l is entirc a,rrd

m.x{lilt) :il =.} _0, o. " ,o,
r

then / is constant. [30]
(State arry results you use without proo{)

O Prove the Maximum-Modulus Theorm: Let / be araiytic ir
ari opeu conlectcd s(]i ,4. Let 7 be a simple closed patlr that is

coutaiDed, together with its inside, in -4. Let

,tA ,= sup l"f(r)l



Tluhereexi.r.20insidolsrr, I rhat,J(:o j, _ M. rlren / j"co,rsrnnr
I lrtu lglro .r ,4. Co.,.cq,rcrrr lr ,f / ,.1 nnu non=rr,,, in ,4. rl , rr

)f Q)l < M, V z inside 7.

(State arly theorem 1,ou use without proof)
150l

Q4 (or L.r d >_0 and ler, !: D. :n:6. _ C, wlrcre,-'?-:dl : {r :0 < ,: ro' - o}. Det ne \vtrar i. n.aq. bv(jr / hov:rg a sjngrrlariry er .n.
(ii) the order of / at ;6;
(iii) / havnrg a poie or zeto at ?o of ordef ,n:
(iv) / having a sirnplc polo c,j- sirrllle zero a t :o. 

I40J(b) Prove that

ord(f 1a) = q.
il end only il

Je)= (z - zs)t" s(z). z < D.(.26;6),

for some d > 0, where 9 is analyiic in D(za;6) attd g(.za) I0.
[60]

Q5. (a) Prove that if / 1us a simple pole at zo, theii

Res(.f ; z6) = )1n (z _ zs) f (zp).

(b) 
]:"^l {te analytic i,l {z: Irn(z) } 0}, except o"rpibtu f", 6,,1;:1.'m-ary singuialitjes, 

'one on the 
"""1 

*lr.' S"pp"." #;;"1M,,4 > 0 and rr > I such that,

In
'lt"'< tL ':J 2 rl rr'rh It,t(z) zn.



Then prove that
t6t; 

J *ft r\ dr

converges (exists) and

I = 2ri x Sum ol Residues of / in the upper half plane.

[50]
Herrce evaluate thc integral

te 12

l-*,r- r,' d'

(Yon rnay assurne without proof the Residue Tl.ieoerein).

Q6. (a) State the principle ofthe Argument Theorem, t20l
(b) Prove Rouche's Theorem: Let 7 be dsimple closecl path irr an

open starset ,4. Suppose that
(i) ./,9 arr analytic in,4 except for finitely rnalry poles, rotlc

Iying on .7.

(ii) / and / + 9 have finitely many zeros in .4.
(iii) le(z)l < l/(z)1, z e 1. Then

zp(f + !;^t): zp(f ;t)
whete ZP(f + g;1) afi, Zp(f ;l denote the mrmber of
zeros - nurnber uJ porcs illside 1 ol f _ g and / rr.spprlivcly.
counted as many times as its order. 

i4O]
(r ) Star,e eire Ftndamenral t.heorem ot Algebra. I20l
(d) Prove that all b zeros of p(z) = zi + Bz3 + I lie in lz] < 2.

120l

l20l


