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SECOND EXAMINATION IN SCIENCE - 2OO9 2010

question Time: Three hours

what is meant by

a vector space;

a subspace of a vector sPace

V = {x I c > 0,o € R}. Define addition "O" and scalar multiplication

on V as follows:

I@9:rU'

rAx:x"

lR and V o, y e 1l Prove that (y, o, o) is a vecto! space over lR'

e@g:6!'

r Or =rr'
and V z, g e 14 Is (V, O, O) a vdctor space over R? Justify your answer'

be a vector space of 2 x 2 matrices over lR. Which of the foilowing

are subspace€ of M? Justify your answer.

all 2 x 2 matrices with zero determinant;

all 2x 2 idempotent matrices.



2. (a) State the dimcDsioD thcorem ior two subspaces of a finite dimensional
space.

(b) Let 7 be a finite dimeDsional vector space with the usual notations. pr(

fotlowing:

i. it dirnV - n. ,hen Jir^rc.xist orF dim.nsioncl s.rbspc.res U . tr,,...
Y su, h rlrcl V -.Lt@U,@...AtJ,.

11. tf Ur,U2,. . . ,4, are subspaces of y, then

" dim(.Ut + U2 +...-F U^) < c,imut + dim(J2+... + (ii,mU,,,.

(c) i. Prove thatif {u1,u2,... ,a.} spans V, then so does the tuple {o1 _r2,tr2
q,...,un,r_un,unj.

ii. Let y be a vector space of JRs defined lly

V -- lrr,..L2.t1..r,.t )- Rs: rr -3r2ondr"._7ro).

Find a basis ol 14

iii. lf U, onJ U, rre oorh i dimcosior al ,ubspaL"o of Re. ulren prc
u1nu2 + I0|.

3. (a) Define the following:

i. range space /?(?);

, ii. null space 1{(?)

of a linear transformation ? from a vector space y into another
space w

(b) Find n(") and N(?) of the linear transformation ? : Ri - lR3 defined by

T(s, a, z) = @ + 2y + Jz, c * y + z, o + Su +52),V (c, 9, z) e JR3

Verify tlre equation di m V = rJim@(T)) + ct:tm(U (\) for this tinea"r
mation.

(c) i. Let F3 be the set of a,ll polynomials of degree I 3 and let ? r R3 + F3,

be a linear transformatioo defined by

T(x1,c2,t4) = '1 
+ (u, + r3)c + ( xs - t1)a2 + x3 ..3_
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Find the mat x representation of ? with respect to the bases

Br - {(1, 1, 1), (1,2,3), (2, -1, 1)} at\d 82: {L + 6,lr + o2,02 + 03,l."3} ol

1R3 and JP3, respectively.

ii. Let ? r'lR3 + lR3 bb a linear transformation defined by T(o,9,2) : (c +

2a - z,s + z,:x + s -22) and let ,B1 : {(0,0, 1), (0, 1, 1), (1, 1, 1)} and .B2 :

{(1,1,0), (0, 1,1), (1,0, 1)} be bases for lRS. Find the matrix representation

of 7 with respect to the basis .82 by using the transition matrix.

Define the following terms as applied to a matrix:

rank;

echelon form;

row reduced echelon form.

Let,4 be an ru x n, matrix. Prove the follbwing:

i. row rank of ,4 is equal to coiumn.rank of,4j

ii. if B is an n x D motrix obtained by performing a,n elementaxy row operation

on ,4, then r(,4) - / ('8).

i. Find the row rank of the matrix

1 1 1 1 -1 1

1133 02
2 1 3 3 -1 3

2111-24

ii. Find the row reduced echelon form of the matrix

3 -1 2

11 -53

1 15

furl3\F
30rrtC::ll

/-,

[;

Define the folloving terms as applied to an n x n malr\x A: (au).

i. colactor,4li of an element orj;

ii. a.djoirft of A (aQj A).



With the usual notations, prove that

A.(a, A) : (aLtj A).A _ d.et A. L

IJence plove adj(odj 4: @et 11"-2t1.

{srete.rny resuLrs you may us.)

(b) Let P be an z x n mat x with all elemcnts are equal to a (e JR). For

non-zcro scalar p € lR, prove that

i.. d,et(P + pI) : p"-t(nd + p);

li. (P+pI )-1 p\na + !)

-d .. (n-l)a
6. State the necessary and sufficient condition for a system of linear equations to

consistent.

/. lal buppose n ]s a positive integcr and o;,i € R for i,,j : I,2,... ,n. pro,re

the followi4g are equivnlctlti

i. the trivial soluiion 11 - 12 : = z, = 0 is re only solution to

homogeneous system 
_\
Lat trk :0,

Lnz.ax k : 0,

for every constant, c1, c2, .. .

of equations

, cn € lR, there exists a solution to the
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) Investigate for what value of ), /, the system of liner equation

r+Y+z:6'

x+2U+32:10'

x+2Y+^z:P'

have

i. no solution;

ii. a unique solution;

iii, an infinite number of solutions.

c) A bag contains 3 types of coins, namely, Rs 1, Rs 2 and Rs 5 There are 30

coins amounting to Rs.100 in total. Find the number of coins in each category'

;lii$lc
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