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Answer. four questions only
f ime r Three hours

1. ljxplain what is rnctlt by a step_lirur:Liol ol .lR.

(a) Let ($) be al iucreasing scquencc oJ.sf,(rp frurcliorrs orr lR sur:I
Lhat, (.l dh) is corverilcnl. pr

co.vergcs armosli ever.ywhcre 
",:';. 

tttt' lirrit prirtcirt(r tlut ft4,,)

(b) Show that a stbsct .a. of R is urrll if, arrd
increasing seriuorrce (f,,) ofsl.cp 1irl]u,i,:rrn^ orr

ouly ii, tlerc js an

llt such {.L;rl

i. llm 
./ ct" < oo ana

ii. for all ;r, e JD, l,(') -+ m as



12. (a) Let / € /,r(R). Prove that there cxists a sequcncc (d,) ofstep
functions 6uch thai qr,(o) -+./(r) alrnost everywhcre irr R, anrl

that
t

.l t' o'a .-'li aq n-oo

(b) Prove that the function r 4 J(t) (:os l& belongs io rr(lR) fi)r
each k e lR, and thal.

,lit', f ltt,usAt.t, t., 
^16 JR

(c) Given examples of seryuerccs (9") and (h,.) irl ar(lR) such 1.hat

i. g,, * 0 alnro:r n\nrJx trccn l,rrr 
./v. - u .-,rrd

Li. .l lt,, | 0 I,rrr /,,, * 0 iln,,sr,,vcrrNlr.'r,,.

3. (a) Let f be a function whicir vanishes olltside thc iltor.val [n,1.,].

Prove that if ,/ is bounded and if the points of discortiNritv ol

/ form a null set then I €./,1(R).

(b) Siate the Monotone colvergelce 'Ihcnrom in _Lr(JR) and rrsc it to
prove

i. [* 
"-t't 

a,: z.J--
I

ii. lf / € l.t t.ler 
.f r/l 

- n if. arrrr orrl. it J - rr atrrrnsr

everywhole, and

/rl+r 3lll. lrm , __ dr, = _r-r- /(l i + r" 2



;,_

'1. Stalc ancl provc thc I)ol'i.n;cd ff,n1.crg.rr.r, t;r,tur r, in l,,iR)'ot'l.rnn,^,
(i\'ltxtol,onc colvergenctr tLeorem ma.r b(, assurrrr:rl.)

(a) Prove that, for ,lj > _ l,

t-'! ," .: (rr'
.t , r', "-, " !,rz, ii).t,

(b) L(rt p, q be r<ral trurrrbels r,uch tllirl 0,- p (11. I,rrrvr, llat
t) ,.t'

I

l, ;tt . ,, 'tt -- t'|t 't't )1r,, 1,ti,,: .,,

5. Stal,<: lrubini's Thcorcrrr firl Lrlxsgrrr: inkrgrablc lirrrr:tiou orr lR2

Let / I R2 -+ lit br: lurasurablo anrl suplrosr that one ol. l,|c rr:1;caterl
integral$

I

'r€

y - .r. _ sin.r .,l' -- u'' 
,

(b) Let l: lR2 -+ R bc rltincrl bl
,t:2 - tt2'rtl tt' = 
ir, i,l u r' ') / lri.{Jl

0 if (r, ?/) _ (0.0).

Does / e,l,r((0. t) x (0. 1))i Jrrstili 1,orrl arrsu,er..

| | l(t, 11)J rt.ul rtt

/-r ((0, oo) t (0. i\)))

ll r l

JIJ rt,.tttt,r"l,ru,

r:xist,s. Prove th|t ./ c /,r(fi{r).

(a) Plovc that

l(r,u): (t, sh t:)u2e

and dcdusi tihAii



(i. (a) Define the terrn measurable finction.

i. Prove that, .f j R ,+ R is mcasurable if, and oniy ifmicl(-9, /,9)
js inLegral)1, whr.rnvnr 4 is a no,r-rcgarivF ilrL,,grrl,l,.fur,,.r.ior,.

ii. Let (/") be a sequence ol urcasurabic functions on R. Lci.

/ | lR -l R and .1,. --+ I almost everywherc. prove tha1, / is
mea,surable.

iii. Let / : R,+ lR be a n:crlsurablc lul(lioD an<l lr:t r € R. l)rovo
that {s € lR ll(o) < c} is nrcas{rabte.

(Statc withollt l)rooI, auy colrv€l.g{rtrcc lLooreln iJral vr_ru usc.)

(b) What is nrealt by ,,a sr:t,4 ! R is null,,?

Provc that an idtcrval in ll{ is rruil il arrrt only if, it is degcncl.}11,0.


