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Ans$'er resfiotls Time:

1. a)Let f:r,.x,,.rr, . ,x,,lbealircarlvindcpendcntsetol'vcctorsinanolmed
Iineer space X. Prove thlt there is a nlrmbcr c>0 such that lor er ery choice of

scalitrs{Ir,c! r... ...G"

ll o*. ',\ "ll c'|u, r' r'.

l)) Prove thal
completc.

| 60 iUxrksl

every linitc dimcnsional slrbspacc Y ol a normed Linear spece is

[ .10 Nllarlal

2- e) Let X, Y and Z be norlncd linear sPaccs' Prole lhll a linear opcrator T: X - Y

ir continLrous iland onlt il thele is a nunbel l(:0 srrch thilt

ll r' il - r. il 
1 ll , ', x, I ro \r:rrk\l

b) Ileiinc $e rrorn. lll ll ofr boundeo lincar operalor f: X - Y

c) Let BlX.Yl be the vcc1or spece ofall bourdcd li'lear

Shorvrhrr ll ll es defined in (b) is a n.rrm on BIX'Yl'
U[X.Y] is a veclor sPace )

[10 Marks]

operators of X irto Y.
( You lrra)'assurrle thal

125 [{arks]

d) Lct S C BlX, Yl.rnd I e B[Y. Z]. l-ell'o S be lhe linear opcutor dcfined b]'

(1 o S) (x) = T (S(x)) iix C X)

Sho\' lhrt T o S is a bounded linear oPcralor \ ilh

llL , s ll: ll r ll ll sll
I 15 Il.rr ksl



e) I1- I'e B[X.YI eDd S C] LllY.Xl are such that f o

\', \\tal rclation can ),ou dcduce bctlccn ll I ]l arrd

S is thc idcntir,\

{sll 'r

t

ofereloI iD

10 l{rrlisl

3. r) Stete the tllhn Benaclt'[heotenr for (r'eal and cornplcx) n.n]ned liicar spaccs.

ll5 trIrrksl

b) Prcvc the Ilahn Ilxrlxch Thcorcm lor comple\ norrned sPeces, xssunlingthal it
holds lor rcal nouned spaccs.

155llarAsl

c) l-el X be r nornlcd
evcq.r € X.

ll -ll = s'p { f(\)l:1el
I 30 l\'Iarksl

lincrr space. Llse the Halln Ilnnach tlreorcrn to sho\v that lor

x-. ll tll :t1

,1. lr) Let X,Y bc normed linenr speces, aod (I ,, ) be e sequerce of boundcd lirlear

opcrltors ofX iDto Y. \\rhxt does il nrean to s.1)' th3t (T,, ) is

. unilolnll boundcd;

. point \\'ise bolrndcd?

l 15 I'hrl.sl

l)) Slate and prove the Llrtrionn tsoLInds(hes\ I hcorcrn orr Llrt r(lstrorl bet\\een
tr\ o conccpis defined in |ar(a) undcr srritrble condilions. (You rllaY isstrmc the

Beire s Cal,rgorv lheorcm.)
l{5 llarks]

c) I et X = Y: Coo.lhe sp:rcc olailcvellLrally z€ro scquences

1 = ()i r,\ , , r., . .. ) l ith the sufrerrrurn nonn

ll ^ll 
. s"p i lx : i= 1,2,i...... |.

SIo\\ that lhc sequerrce oflineil opcrrlors (T,. ) defined bi

-1, (x) = { xr. 2 x., I x.,... . nx,,. 0. 0, ....i (\ e floo )
xre point\\ isc boLrrded bLrl not uniloflnl)' bourrd€d. \\ihy tlocs this not colltradicr
th. LJnilbrin Boundedress lhcorenr'?

[45 J\'Ierlis]



5. a) Stat= d1e Open \4apping lheorcrr

b) Let'l be bo[nded linear opetator from a Banach space X onlo a Banach space

Y. Prove that T has the propert)' that the image T(Bo) of the open Lrnit ball Bo :
B(0,1) c X contains an open ball about 0 e Y. ( You may assurne the Bajre's 

.

[ 85 Nlarks]

separable.
[ '10 lurrks]

Category theorem)

6. r) Let II be aHiibed space. Prove thal every boundell linear fu nctional fon FI

can be represenled in terms oflhe inner product namely,

f]i =<x,z> ('et! \
\\ltere z c 11 detrends on I l-urrher' 'lrolr lllal zisunlquel) decnnincdbl l..rnd

r'.', 'he no'.m li ,ll ll ,rl

[ 60 Marks]

b) Dclrne shJl rrnearll b) d norrned linerrspa.c i "eprr'ble
Prove with the usual notalions lhat the sequence space l/ \viIll 1 < 2 < or is


