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404 . PARTIAL DIFFERENTIAL EQUATIONS

all questions , Time allowed: 3 Hours

ihe connection between the solutions ofthe first order quasilinear

Daxtial differential equation

. P(a,y,u)* + q@,a,,)* = RQ.,y,u\ (1)

the solutions of the system

dr d,y d,u

P:A:8,
iie'the characteristic curves of the partial diferential equation (1),

f20 Marksl

Find the solution u : u(c, g) of the padial differential equatior

0u. . Au(r-r) ^- +(,/-r-u)- =,'oroa
passes through the circle

^,-1 ^2L.,2-t

140 Marksl



ii) Damped nonlinear waves are desceibed by the paltial

Do - Ap

-+P',-=-aPiJt olt

p(u,t) atda > 0 and n > 0 are Positive

p(o,0) : l(c), - oo <, < co'

Formulate the problem as a Cauchy initial value problem and

ii", trt" **Ait ema.$athg ftom the poini r : r at i = 0 t
at time 

t.(,,: -Lr" (L , ,,=f-1-,)
provided

!1yg11 . -no.

equation

Initially

[40 Mar

aJ2- Exolain the ognifi(ancc of IhF MoBge cone a! a DoiDl on an*- 
"tti*".f ti'" 

"nrsr 
ordel nonlinear partial diffemnrial equation

F@'a'u'P'q) = o

where 3u 0u
u : u(o,g), p: Or, 

q: 
Ag,

and find the equation oI the Monge cone at the point (co' Vo' uo)

integral surface of the partial differential equatio4

0u 0u
:;--ii'
o:x o9

Obtain the solution of the equation

0u 0u

0a 0s

for u(r, g) subject to the initial conditioo

u(t 
'0) 

: a2



w
Show also that fot general ir tial data in paramettic form

x = ao(r), ,g = gx(r), u:uo(r)

a necessaly conclition for a real soirtion of (2) to exist is

I1,ol -4,"4"ds'
\d, ) t. l,

I75 Marksl

Qll- Sta,te the conditlon for the second order partia,i differential equation

R,r.uto'u , sr.r.,,t 
d'u *',trr 'dtdrt t'a'ds; 

'\'"";t')
to be pa,rabolic. [10 Marksl

Reduce the partial differcntia,l equation

",)'u o'u .d'u ,t d,L ?.tu
" d:, ""hag' olt-., dt sos

to canouical forrn il the domain :x > 0,,J > 0. [55 Marks]

Obtain the solution u(2, y) which satisfies the bourtdary conditions

, : 0, * :2r2 orL tleline 9 : 1.'dy

{3s Marksl

Q4. Define the adjoint, operator ,* of the operator

Llul : u,, 'r a(x,v)u' 1'b(x,v)uu + c@.v)u

I10 Marksl
By looking for a solution of the adjoint equatio[

,-lrl : o

of the form
uQ,fi : lw(.r.y)



show that the Riemarm fuoction of the oper'tor

l-tl
Lu)=u't -ut+;u!'-Au

r1l1
P(r,y',at,tlr) = :

[50 Marks

Hence solve the partial diff€reatial equation

. .r r *Lu:y'u.u--ur+-ua-" I t" xA x

in the domain r > 0 and g > 0 subjecr lo rhe initial ionditions

u = tx sirr t, us: sinx,

on the straight line g = e
Useful formulaet

C,

p(?r,, r,)

[40 Marks]

u,, -f a(c,y)u,'f b(c,y)u, + c(n,g)u: J @,9)'

R(x1'Y1;x1'g) = 1'

R(c1,y;av,y7) : *, (1,',,"t^,a0,) ,

*o (/'r,",*r*)R(a,Ar;rt,!)t):



M"-9
i./(/r. y, I - 

l"ln1,n, 
r,, u - 1,,1,a 1 - R\B: r t. ! t ) Lt lB ))2' ""'

- I l,'o'"''o') f (r"Y)dxda

* 1."('"a * f,*,, - I"u) * - (u,o * f,r.". I"',)*

Qli. Show, by using an appropriate Riemann function, that the solution of
the Cauchy problem f,or the telegraph equation

I to+'0) oA'
U,, ;U,t- ---T ut . -0,

z(r,0) : 0, u1(x,0) : g@),

iB

,r.(r.rt' Iexpl ]. o,,l ["' ,",)"t,. 6''1""'- "-'-\I]sr"'2( L z ) J,_.r Lzf

where lq(g) is the modified Bessel function of the Ilrci kind of order
zero, defined by

t6tst _ Jnt,s,- i rl,, (i)'",

and "r0 is the ordinary Bessel function of the first kind of order zero.

lloo Marksl
Useful formulae:

The Riemann function for the operaior

Llul = u,o L, 
"u' c : constant'

is

R(s,u;sr,ar) : Jol2{c(x ,rJfu - Y,)}il
where ./o is ihe ordinarv Bessel function of the first kind of order zero

tr

tp.



P(2,, x,1

u,! o(r. ,1' b(r'y)uo c1t t1 u = Jtt ,t)

R(q,y1;n:1,g) = 1,

R(:r1,s; xy,y1) : "", (1,",.t^, "lo'),
R(a,e1i x1,y1) : 

""o (1,',u(,, o,V,)

: 
f,la@;r',u,) 

ul.t') + R(B; a1,Y)u(B)l

| | oa1,,y;,,,u'1 
l(n,y)dxtu

ua + f;nuo - f;,o,) o, - (o"o n f;n", - 
t 

"o,) *

u(q, a)

.1""('

Define the following termsr

(a) Dirar delta function,

(b) Heaviside step function

Q6,

110 Marksl



Qu-"r-
under what sca,lings the Problem

:lu-u,. : d(c)d(t), -co<r<co, rz0,
u(r,0-) : 0, -co<c<co,

ai, show that its soiution is of the form

tion of the problem

= d(c-{)d(t-r), *oo<

r 
" /,'\u\t1t): trir \- ).

, i40 Marksl

witbout proof any result for the Dirar delta function'

r<@, t>'r,
,7-) : o, -oo<0<oo,

^. Dt^ t+,-\u-.\r \'v '/'

ile solution of the Problem

u..: p(a,t), -oo<r<co, ,>0,

'0-) - 0, -oo<c<oo'

): I I nrc,-,)r6- {.t- r\d' dQ'

r{=-@ / r=u-

c,

,l

150 Marksl


