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EASTERN UNIVERSITY, SRI LANAKA
su0cl,A'r- DEGREE EXAMTNATTON IN MATHEMATTCS (200U2002\l t. :

(January / February 2004)

MT 406 . APPROXIMATION THEORY

ANSWER ALL QUESTIONS TIME ALLOWED: 3 HOURS

Qr.

(l) Gjven thal a set 1( is convex iljlg € l(and0 5 0 _< l implies 9/r (l -d)g € K. Letxbe a

norn),ed spacc and letf € )aandr:' 0. Show that the ball K := {g e)a: ll/-f L S r1 it
convox. []5 narksl

(li) Let-fbe a normed space ard 1,rr,( q Lbe convex. Show that the set ofbesr of
approximants to/(e ,Y) from tr is a convex set [15 nrarks]

(lii) De{ine t,niform Convexity and Slrict Convexity ofa normed space and srato which

implirs the other. [15 ma&s]

(lt) lr Ct-1,I I uniformy convcx? Justify your answer. Ii5 markE

(r,) Prove that: an (real) inner product space is unifomy convex. [20 marks]

(r'i) Ily meani ofan example, show thai the unifom oonvexity is essential lor uniqueness of
best apploxjr|ants f20 msksl

Q2.

(d) Let [a,6] be given and let *0,.rr, ...ic,, be distinct poinis in [d, rl. Ler./be anatytic inside and

on some simfle olosed contour f containing [l7, r]. Let ,q, be the Hermite interpolatjon

polynornial o ldegree S 2n + 1, satisfying

H,(xj) :j\xj): H',(xj) - /(rj). 0=j:n
and l(jt

w61 ,=fi6-,,).

Then show $at

nxt H,r,l r ^l t Jfr:. l!91'di. ' in,i.l" r.. 2,U J t x lw(t))
(Hinr: J - H" has double zeros at jt, 0 < j S ,) [40 marks]

(l) Define thr nth Be stein polynomialB,yl. [5 marks]

(t) Given tlral/ (r) = rt for/ = 0,1,2. Prole that

B,V)G) - fi@ lbrl = 0,1 and B, y,11r1 =yr14*11* rl1.
[30,ftrr,51



State Bolman-liorovkin theorem and use it to prove that ther€ exists a sequence {P'}f,-' of

)aromials such that lr-llP, = / for every/ e C[0, l] Name the result [2s marks]

1 ln -(s4ll(-r ) := i J 
""4t "l

deine the Ces6ro means (Fejer Opemtor) as

sin(,r + * )r
2sin(+)

G,,/:: +lsal+ sd+ "s, Lfl

2/ sin lrt \'
(c"/){x) - -r1 ,Xr*,,1fi )d'

) Prov€ that

) Show thst $e Fejer operators G, are monetone linear 120 narksl

)showthat(i,1 * 1, (G"cos)(x) ' cosx, and (G' sin)(x) -'sinxasn - o: andlence

o\\ that the Foier operators oithe Fourier series ofa continuous 2n -periodic function

verge uniformly to the function [45 nra*s]

'linlr Use the trigonometric analogue ofKorovkin's theorem that is given as-follo^ws: Let {I'}
;;;:;;;;:;I *"noton" li oi"u, op"'ut*s on c2' ln otder thatT'/ - /(uniformlv) forall

€ C2r, it iI) necessary and sufficient that such oonvelgence ocou$ fot/- 1' cos' and sit1 )

a) Define a Chebyshev system on a closed interval fci'b] and show th^t leqi 'ed1x' 'eh'\ is a

system, where 4r,42. .,d, are distinct real numbem [25 marks]

6) Chebyshev polynomial of degree a is defined as

Z,(n):= cos('arccosr), t€ l-l'11' n-0'l'2'

(i) Show thal I, satisfy the tecurrence relatlon

T,(x) = 2xT*r(x) - T,a(x)' n=2'3' '

[25 marks]

(ti) Use (i) llbove and induction hypoth€sis to show that f is an algebraic polynomial of

degree r with leading coefficient 2' 1, 
'? 

Z I [25 ma'ks]

(tii) Show that I, satisfies the following differotial equation



[25 marks]

Qs.

(d) Ifg is a lrigonometric polynomial oldegree S r with only cosine terns, show that there

exisls an oldinary polynomiall(r) ofdegree 5 , such that

8(0) = cos0

120 n'arksl

(r) Let/ e Cf-l, 1l and assume that for some k > l, ft) 6 CL-], 1l and
g(0) =./(cosO), 0 e l0,2nl. Show the following:

1t r' tlj ,ft * n r, 0. uhere r = /,(x).

6lsl= E,n, n.t.,

E,n: +v'llt-,.,)i+I:

:l/

\1,
\-aro.-'\r/-_ l rjU"f

(D

[30 nrarks]

(i')

[25 nlarks]

(.iii)

where r,L{, {,,[/] denote the errors in apptoximatioo oflby an ordi[ary and trigonomcbic

polynomial ofdegrce 5 r respectively and rrr(1.) denotes the modulus ofcontinuity. [25 mark

(You may alsrme that t,n = E,lf- P1, for any ordinary polynomial ofdegree S ,)

Q6.

[d) ].n each ofthe following three inequalities, give the missing functions (in ,?) or (in , and r
that should Wpear in the following inequalities. Aiso name the inequaliti€s. []0 nurksl

(i) For tuigo rorretric poilnomials ofdegree r

11n' llro.',r < llR llro.rr

(tl) F'or ordinary (algebraic) polynomials P ofdegree n

llP, l, ,,,, 3 ii/1i1r.r1

(iii) For odinary (algebrnic) pol),nomials P ofdegree r, and.x e (-1,I )

/ . \ r+L o({rt: -4-\e .o < | ) \ tt,)416r- \2 t " \n_t)n(a t)...ta_k_2)'

lPr(x) : / t-r Ll



circ r\\o triqo'ometric p:'r""'iii'-l.fiif;1i,".LtiJ"lHlJi:Tfffi:I]" 
("tiliffi'

algebraic poiynomial ofdegree ' 
tor \ nl

(r) Let/€ Cr' and 0 4 s 1 1 p16ve that the following are equivalent:

(i rr,"," 
"*i.t. 'l 

> 0 suoh that {'L{ < An-o' n'- 1

)34 trl",u 
"*ir* 

r > 0 suoh that l/lx) -'(/)l< B\x -yl"' for''l e [0'2"]

[30 marks]

(c) Let/10 ) := l0l, 0 € [-t' /t] aod extend/to R by 2/t peiodicity Prove that there exists

,4 > osuchthat

' 1'n<An-1' n>I

brit that if il > I , there does not exist '4 > 1 such that

5'n> An- ' nz 1'

[.:5 marktl

(Here 4,[/l derotes the eror in approximation of/by a trigonom€tric polynomials ofdegree n

ald R derotcs lhe set ofreal numbers\


