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Timei Three hours

he term sg6spoce of a vector spsce.

V ={l/ J: R + R,/(c) > 0,Vr € R}. For sny /,s e l./ and for any

define an addition 6 and a scala-c multiplication O as follows:

(,f eg)(r) : /(o).g(r),Vr e R.

(ao"r)(a) = (,f(z))".

(I4 O, O) is a vector space over the set of real numbers lR.

a lrcto! space over a field lF. Prole that a non-empty subset tr4l

,a subspace of V if arrd" orly il <\s + PA e W, for any r, g e / aild



Is it true tha't the set of polynomials exactly of degree 7z is a subspace

Y? Justify Your aNwer'

2. Deflne what is mea1tr by dlmensi'otu aI a vector space

(a) Let y be an n_dimeDsional vector space'

Show that

a lineatly independent set of vectorc of y with tl elements is a basis for y

any linearly independent setr of vectors of y may be extended to a

for V;

iii. if {e1, e2, . .', e,} is a basis for y then y : ({el, e'" e'})O({e'4' e'+z'

vre {1,2, ,n-1}.

(b) i. Letu=(1,-1,0,3), r'= .(2,t,1,-1), v: (4'-1'1'3)' z=(1'

be vectors in lRa and let S = ({tr,' s,g, z}) Find a basis and the

of S. Is ihe set {u,x,g,z} linearly independent?

Extend the basis of S that you obtained to a basis for W

Fiod also a basis of S n ?, where ? {(21, z2 ,'3'a4) 
" 
t)r + 02+x3+ x4:

is a subsPace of R4

ii. Let{or,s:," , c"} be aly vectors in a vector space LetA= ({'1''2' '

uo6 6: ({o1,cr, ,r",z"+r}) Prove that dim B: dim A+€' w

is 0 if z-+r e ,4 and 1 if c'11 f A'

(a) Let D; p,(t) - p'-r(t), the detivative operator' be defined by

D(P(t\\ : 6' I 2o'1 * " +nant"-l

where p(t) = oo + o1t + a2t2 + " + a^t" and P'(t) is the set of ail p

I.

11.

of degree less tha,l1 or equal to n show that D is a linear traDsformation-

Find the matdx representation of .D with rcspect to the bases {1"t't2 '" ' 
'

and {1,1 * i,t * i', Jn'2 +{-r} of P"(t) and P"-r(t) respectivelv'



(b) ff the &atrix representatio4 of a lineox transfbrmation
T : 4(t) - P3(t) with respect to the bases {1 _ t,t _ t2,f _ ts,t3} and
{'1,1+ t,t + t2,P +tB} is
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theE determine T.

Let 7 : lR3 - IRB be a linear transformation defiIled by

.j:(x,!J, z) : @ + 2a, E + s + z, z)

od lot 8r = {(1, 1, 1), (1,2, 3), (2, _1, t)} and E, = {(1,
d baees for R3. Find the matrix representation of f with

2

3

o-5
a+4

ible ,lue of the scalax a.

tow reduced echelon lorm of

(ttt"t-t

1,,,, o

1213 3 -1
\2 r 1 1 _2

3

1,0), (0,1,1), (1,0, 1))

respect to the basis
by using the traBsitjon matrix_

arhat is meaot by ranr of a matrix.

i4 be an m x n matrjx. prove the folloyring:

row rank of .,4 is equal to column rank of,4j
if B is a mattix obtained by perfoming alr elementa.r,y row operation onl, then ,4 aEd B have the same rank.

the rank of the matrix

ylBRa

0 2 .ruN 20]0



5. (a) Define the following lerms as applied to an n x n matrrx A = (aiJ).

(i) colactor ,4ir. of an eiemeni air;

(ii) adjoint ot e.

Prove with the usugl notations thal,

A.(ad,jA\ = (adjA).A= d,etA. r,

where 1is the n x n ideltity mat x.

Prove that if E is a matdx obtained from a oquare matdx .4 by

(i) multiplying a row of .4 by a scala,r o# O) Nhen d,etB : a d,etA.

(ii) intercharying two rows o! A, thea d,etB = - d,etA.

Let ,4 be an n-squaxe matlix with all elements equa,l to d. prove that

i. dEt(A t 
^1): ^-t(na,+ ^);(z-1)a+l -a

-a (n-1)a+,r
ii. (,4+lI)-1 = )(na + ))

6, (a)

(b)

(")

-a
-a

arcr + 4r2o2

OeIEt ! a22at2



) Show that the system of equations

cr-3s2+rB+co4

?|.-2c2+(c-1)ft-ca
2q - 5c2 + (2 - c)xs + (c - I)xa

3ar * a2l ca

3rr + 2s2 + 2r9

2r1-3a2-2aB

b

2

36 +4

is con€istent, for all values ol b if c I 1. Find the value of b for which the system

if c = 1 and obtain ihe genera,l solution for these lalues.

and prove Crammer's rule for 3 , 3 rnatrix and use it to solve

5

l.


