Answer all guestions Time:Two hours

Q1. (a) Define the following:
i, Metric Space;
ii. Complete Metric Space.

(b) Let X be aset of all bounded sequence of real numbers. Define d: Xx X — R
by |

d(,y) = Zl*—;—'z’-f-l

i=1 P
where z = {z;}iew and y = {y: }ien are two arbitrary elements of X. Show that

. (X,d) is a metric space.
1
(c) Prove that every open ball is an open set.

(d) Prove that IR ‘.:ith the usual metric is complete.
02. (a) Let (X,d) be a mefric space and let A C X. Define the term Closure of A.
Prove that, the closure of A is the smallest closed set containing A.
(b) Let A, B be any two subsets of a metric space (X, d). Prove that
i (4°n B%) = (AN B)°. '
i (4°UB°) C (AU B).

Give an example to show (4°U B?) # (AU B)°.
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(¢) Let (X, dj be a metric space and let A C X .Define the term frontier point of A

Prove that 'Fr(4) = An AC.

Define the following:
i Connécted Set;
it. Compact Set.

Let (Y, dy) be a subspace of a metric space (X, d). Prove that Y is connected

if and only if the only subset of ¥ both open and closed in ¥ is Y itself

Show that [a, b] is compact in (R, |.]).

) Let X =R and d the usual metric. Prove that (0,1) is a compact set in (IR, d),

Justify your answer.

Let (X, dy) and (Y, dp) be any two metric spaces and f: X — Y be afunction,

oo

Prove that f is continuous at a € X if and only if for every sequence {a,},

in X converging to a we have a, )} | converging to f(a).
ging L PN ging )

Let (X,d1) and (Y, d>) be two metric spaces. Prove that f: X — Y i

continuons if and only if f~1(@) is open in X whenever (7 is open in Y

Show that f : R —s R defined by flz) == V& € R is continuous on R, where

(IR, d) is the usual metric space.

Let (X,dy) be a discrete metric space and let (Y,dy) be any metric space.

Prove that every function from X to Y is continuous on X.

M

Prove that f: X — VY is continuous if and only if f (A Cfl4) vacx
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