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(a) Define what 1s meant by
(i) a vector space;
(i1) a subspace of a vector space.
Let V = {P(z) = apz® + 1@ + a2 : a9, a1, a2, ¢ € R} be a set of all poly-
nomials of degree < 2. Prove that V is a vector space over R with the

following operations:
(P +Q)(x) = P(a) + Qlx);
(@P)(xz) = aP(z), for all P(x), Q(z) € V and for all a, z € R.
Is 1t true that the set of all polynomials of degree 2 forms a vector space?
Justify your answer.
(b) et W, and W; be two subspaces of a vector space V over a field F' and
let 4; and A, be non-empty subsets of V. Prove with the usual notations
‘that
() Wat Wy =< WU W, >;

(ﬁ) i o Ay >=W; and < 44) >=Ws then < A; U A5 >= Wi 4+ W,



Q2.

Q3.

(a) Define the fo]lgwing:
1. A linearly independent set of vectors;
1. A basis for a vector space;
iil. Direct sum of two subspaces of a vector space.

(b) Tet Wi, W5 he two subspaces of a. vector space V over the field F. Prove
that V is the direct sum of Wy and W, if and only if each vector u € V
has unique representation u = wy; + wy, for some w1 € Wy and w» € W,.

Let Wy and W, be two subspaces of R® defined hy

Wi={{a,bec:a=b=c, abee R} and Wy = {(0,2,9) - 2,y € R}

Show that R3 = W, ¢ W,

(c) i Show that § = {1,2,2%} is a basis of the set of all polynomials of
degree < 2.
1. ‘State Stibnitz replacement theorem for a vector space .
Use this theorem to prove, for n—dimensional vector space V if

({v1,v9,-++ ,9,}) = V, then {1, 99, + - ,Un } 18 a basis for V.

(a) Define

(i) Range space R(T):
(11) Null space N(T)

of a linear transformation T from a vector space V into another vec-

tor space W .

by

Platbe+cer?) = (a-b, b—c), where V = {agz? + ay7 + ay - ag, 4y, az, & € R}

Verify the equation dimV = dim(R(T)) 4+ dim(N(T)) for this linear
transformation.

(b) Let T: R® - R be a linear transformation defined by

T(r,y,2) = (#42y, x+y+2, 2), and let B, = (1,0,0), (0,1,0), (0,0, 1}
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following terms:

k of a matrix;

form of a matrix;

yw reduced echelon form of a matrix.
m X n matrix. Prove that

of 4 is equal to column rank of A4;

 an m X n matrix obtained by performing an elementary row
on A, then r(4) = r(B).

of the matrix
3 )
1 3 =2 O —4
e -7 =
\2 1 -9 -10 -3 |

G
reduced echelon form of the matrix

BR5 s g
4 3 0 0
012 15 —2
B 0 o




Q5. (a) Define the term non-singular matrix.
Let P, Q and R be square matrices of the same order, where P and R are

nen-singular, Let O be the zero matrix of the same order. Prove that
TS )
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the inverse of the block matrix : 1s
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(b) If A = , then use the mathematical induction to prove

14-2n —4n
A" = ,forallm € N
n 1—2n
(c) Show that detd = (a — (b= ¢)(e — a)(a + b+ ¢) for
]
A= a b ¢ |,whereabceR.
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m and hence determine the values of A such



